A multivariate analysis of short-term variation of keratometric behaviour, refractive state and pachymetry in keratoconic corneas by Chetty, Elizabeth
COPYRIGHT AND CITATION CONSIDERATIONS FOR THIS THESIS/ DISSERTATION 
o Attribution — You must give appropriate credit, provide a link to the license, and indicate if
changes were made. You may do so in any reasonable manner, but not in any way that
suggests the licensor endorses you or your use.
o NonCommercial — You may not use the material for commercial purposes.
o ShareAlike — If you remix, transform, or build upon the material, you must distribute your
contributions under the same license as the original.
How to cite this thesis 
Surname, Initial(s). (2012). Title of the thesis or dissertation (Doctoral Thesis / Master’s 
Dissertation). Johannesburg: University of Johannesburg. Available from: 
http://hdl.handle.net/102000/0002 (Accessed: 22 August 2017).    
A Multivariate Analysis of Short-Term Variation of Keratometric Behaviour, Refractive 
State and Pachymetry in Keratoconic Corneas 
 
by 
 
Elizabeth Chetty 
 
Thesis 
 
submitted in fulfillment of the requirements of the degree 
 
Doctor Philosophiae  
 
in 
 
Optometry 
 
in the 
 
Faculty of Health Sciences 
 
at the 
 
University of Johannesburg, South Africa 
 
Study Promoter: Professor Alan Rubin 
 
 
April 2019 
 
 
i 
 
Abstract  
 Kerato (cornea) and Konos (cone) are two Greek words from which the term keratoconus 
(KC) is derived. The literal translation, that is, cone-shaped cornea, is the fundamental 
characteristic that defines the disease. Most research papers written on keratoconus begin by 
describing the disease as a bilateral, asymmetrical, non-inflammatory thinning of the cornea 
which leads to irregular astigmatism, corneal bulging and eventually scarring.  
Keratoconus is a multifactorial disease and much research has been done on many 
different aspects in an effort to better understand its complexities. Keratoconus affects the 
anterior segment of the eye especially the corneal thickness and curvature which directly impacts 
the corneal power and refractive state of the eye. In the majority of previous research on these 
particular aspects, data is inadvertently analysed partially or incompletely. For example, the axis 
or meridional orientation of keratometric measurements (or dioptric power) are sometimes 
omitted and/or only the spherical equivalent of dioptric power is used in the statistical analysis.  
The aim of this study is to investigate the intra-session and inter-session short-term 
variation of keratometric and refractive behaviour in patients with keratoconus holistically using 
multivariate statistical methods. Such methods rely on linear algebra and matrices for analysis of 
symmetric dioptric power. An analysis of variation of corneal pachymetry is also included in an 
effort to understand further its relation to the two previous parameters and also implications 
regarding the progression of the condition (KC).  
Forty successive measurements were taken with both the Oculus Pentacam and Nidek 
auto-refractor on 28 eyes with KC and 28 healthy control eyes to investigate intra-participant and 
inter-participant short-term variation for one measuring session. A second set of 40 consecutive 
measurements were obtained also for those participants who could attend a second measuring 
session one week later for eventual inter-session analysis. The analysis of data for the three 
parameters of interest (central corneal power, auto-refraction and pachymetry) was executed with 
the use of a combination of multivariate and univariate methods. This dissertation thus 
encompasses a comprehensive evaluation of short-term variation (both intra-session, inter-
session, intra-participant and inter-participant) of keratometric and refractive behaviour and 
pachymetry in KC and healthy eyes using a combination of multivariate and univariate statistical 
methods and to the best of the author’s knowledge, this is the first study of its kind. Multivariate 
methods, which include statistical tools such as three-dimensional stereo-pair scatter plots, 95% 
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distribution ellipsoids, 95% confidence ellipsoids, comets, polar profiles, variance-covariance 
matrices and hypothesis testing are explained and applied to trivariate keratometric and refractive 
data over one or two sessions. Univariate data (such as variances and ellipsoid volumes) are 
analysed by conventional univariate methods, which include descriptive statistics of central 
tendency such as means and medians, dispersion (mainly standard and quantile deviations and 
variances), box-and-whisker plots and line plots. Traditional univariate methods, including 
Bland-Altman plots, are used to analyse pachymetry.   
 
Summary of main results: 
1. Keratometric behaviour 
1.1 Intra-session   
1.1.1 Intra-participant  
i. Keratoconus eyes generally exhibited greater intra-participant keratometric variation than 
control eyes (Figure 4.4, page 51). 
ii. Intra-participant keratometric variation was generally greater in eyes with severe KC than 
in eyes with moderate KC (Figure 4.4). 
iii. The antistigmatic nature of keratometric variance in eyes with KC appeared to be greater 
in severe KC (Figure 4.8, page 58) than in moderate KC (Figure 4.9, page 59).   
 
1.1.2 Inter-participant  
i. Eyes with severe KC varied about three times as much as eyes with moderate KC, which 
in turn, varied greater than 15 times more than control eyes (comparison of quartile 
deviations, Table 4.5, page 52). 
ii. The nature of keratometric variance was a combination of stigmatic and astigmatic or 
antistigmatic spread for eyes with KC (Figure 4.6, page 55) whilst control eyes exhibited 
predominantly stigmatic keratometric variance with little astigmatic or antistigmatic 
involvement (Figure 4.7, page 55).  
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1.2 Inter-session   
1.2.1 Intra-participant  
i. Keratoconic eyes (Figure 4.13, pages 69-72) experienced a greater difference in means 
(Table 4.12, page 78) over the two measuring sessions than did control eyes (Figure 4.14, 
pages 73-76). 
ii. Keratoconic eyes experienced both stigmatic and astigmatic or antistigmatic changes in 
means over the two sessions (Figures 4.15, page 79 and 4.16, page 79) whereas control 
eyes underwent a predominantly stigmatic change in their means (Figure 4.18, page 80). 
iii. The squared differences in keratometric variance over the two sessions (RMS values) 
indicated that eyes with KC exhibited greater differences than for control eyes (Figure 
4.19, page 83).  
iv. Generally, RMS values appear to be greater in eyes with severe KC than eyes with 
moderate KC (Figure 4.19).  
 
1.2.2 Inter-participant  
i. RMS values are 10 times greater in eyes with KC than control eyes (comparison of 
medians, Table 4.16, page 83).  
 
2. Refractive state 
2.1 Intra-session   
2.1.1 Intra-participant  
i. Keratoconic eyes exhibited greater intra-participant refractive variation than control eyes. 
One exception was the mildest KC eye, which had a relatively normal refraction (Table 
5.2, page 97), and exhibited a similar amount of variation to control eyes (Figure 5.3, 
page 104).  
ii. Generally, intra-participant refractive variation is greater in eyes with severe KC (Figure 
5.3). 
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iii. The antistigmatic nature of refractive variance in eyes with KC appears to be greater in 
severe KC (Figure 5.7, page 109) than in moderate KC (Figure 5.8, page 109).   
 
2.1.2 Inter-participant  
i. Eyes with severe KC varied almost twice as much as eyes with moderate KC which, in 
turn, varied almost 60 times more than control eyes (comparison of quartile deviations, 
Table 5.6, page 105). 
ii. The refractive variance in eyes with KC was mostly stigmatic with notable antistigmatic 
influence (Figure 5.5, page 107) whilst control eyes exhibited predominantly stigmatic 
refractive variance with negligible antistigmatic involvement (Figure 5.6, page 107).  
 
2.2 Inter-session   
2.2.1 Intra-participant  
i. There was a greater difference in means (Table 5.13, page 124) for eyes with KC 
(Figures 5.14 and 5.15, pages 124-125) over the two measuring sessions than control eyes 
(Figure 5.17, page 126). 
ii. Change in means were both stigmatic and astigmatic or antistigmatic in nature for eyes 
with KC over the two sessions (Figures 5.14 and 5.15) and predominantly stigmatic for 
control eyes (Figure 5.17). 
iii. The squared differences in refractive variance over the two sessions (RMS values) 
indicated that eyes with KC generally exhibited a greater difference than control eyes 
(Figure 5.18, page 128).  
iv. There was no apparent trend found in RMS in terms of severity of KC (Figure 5.18).  
 
2.2.2 Inter-participant  
i. RMS values are 48 times greater in eyes with KC than control eyes (comparison of 
medians, Table 5.17, page 129).  
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3. Pachymetry 
3.1 Intra-session  
3.1.1 Intra-participant  
i. Eyes with KC had thinner corneas overall and corneal thickness decreased as KC severity 
increased (Figures 6.3-6.8, pages 138-148). 
ii. Pachymetric variation within individual eyes with KC appeared to be greater than that 
within individual control eyes (Tables 6.4-6.9, pages 139-149). 
 
3.1.2 Inter-participant  
i. Although intra-participant variation was greater in eyes with KC, box plots (Figure 6.9, 
page 150) indicated greater variation of mean pachymetry in control eyes (Table 6.10, 
page 151).  
ii. Average pachymetry measurements for eyes with KC were significantly different than 
control eyes at each of the three measuring locations (Table 6.11, page 151). 
 
3.2 Inter-session  
3.2.1 Intra-participant  
i. Pachymetry measurements taken on control eyes were more repeatable and less variable 
than those taken on eyes with KC (Tables 6.14-6.16, pages 160-161). 
ii. Although the mildest KC eye had thicker pachymetry measurements than the control eye 
(c2), measurements were still more variable and less repeatable than those of the control 
eye (Tables 6.15 and 6.16). 
 
3.2.2 Inter-participant  
i. There was no significant difference in overall means (Table 6.13, page 154) for the two 
measuring sessions within each test group and at all three measuring locations.   
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In conclusion, original findings include: 
i. Keratoconus eyes exhibited similar amounts of stigmatic and antistigmatic variation in 
keratometric measurements for both intra-session and inter-session measurements whilst 
control eyes exhibited much smaller amounts of variation that was predominantly 
stigmatic in nature.  
ii. Eyes with KC vary about eight times more in refractive state than regarding keratometric 
behaviour (CCP) whereas control eyes vary similar amounts for both types of 
measurements (comparison of quartile deviations in Tables 4.16 and 5.17). 
iii. The variation of pachymetry measurements rather than the thickness measurement itself 
may have greater value in differentiating early keratoconus from healthy eyes.    
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CHAPTER 1: INTRODUCTION AND THESIS OUTLINE  
 
Much research has gone into the epidemiology, clinical features, classification and 
grading, histopathology, aetiology and pathogenesis, topographic studies and treatment of 
keratoconus (KC), however, there remain no definitive answers to numerous questions 
surrounding the condition. As researchers, we continue to probe numerous and sometimes 
similar research questions using different methods and newer technology, as they become 
available, in the hope that eventually we will be able to fully understand KC and eventually 
either cure or permanently halt the disease in its early stages and reduce the need for radical 
interventions thereby most importantly, improving the quality of life for patients with KC. 
There is a plethora of research available for the parameters of the anterior segment of the 
eye including corneal volume, corneal curvature, anterior chamber depth, corneal thickness and 
corneal elevation. One of the most prominent changes that manifests in the anterior segment of 
KC patients are changes in corneal curvature. Until recently, only the anterior surface corneal 
curvature could be measured, however, now with the aid of devices such as the Orbscan (Orbtek 
Inc., Salt Lake City, UT) and Pentacam (Oculus, Wetzlar, Germany), the curvature of the 
posterior surface of the cornea can be measured as well.  
Anterior corneal keratometry or curvature are used interchangeably in the literature and 
are sometimes used to refer to what is actually corneal power. For the purposes of this thesis, the 
data extracted from the Pentacam was the dioptric power of the anterior 3 mm corneal apex and 
will therefore be referred to as central corneal power (CCP). There are three components to 
central corneal power, namely, the power along the flat meridian, the power along the steep 
meridian and the axis of the flat meridian. These three components can be converted to dioptric 
power form of sphere, cylinder and axis. Similarly, refractive state is also composed of sphere, 
cylinder and axis. Most studies that investigate corneal power and refractive data analyse each of 
the three components individually rather than as the holistic entity that it is. In doing so, some 
pertinent information may inadvertently be omitted. Therefore, it would be beneficial for both 
corneal power and refractive state to be analysed holistically in KC patients with the use of 
multivariate statistics. Corneal thickness is another important parameter that is greatly impacted 
by KC and has implications on treatment strategies such as corneal cross-linking.  
2 
 
Investigating the short-term variation of these parameters in keratoconic and normal 
corneas may lead to earlier diagnosis and better treatment options for the disease, which could 
lead to improved quality of life for patients with KC.  
Aims:  
- The primary aim of this study is to investigate the short-term intra-ocular variation of 
keratometric behaviour and of refractive state in patients with KC using multivariate 
statistical methods and linear algebraic methodology. For comparative purposes, controls 
of similar age are also included in the analysis. 
- The secondary aim is to analyse the variation of corneal pachymetry within each 
participant, as this has not been done before.  
Objectives:  
- Primarily multivariate methods and statistics for analysis of symmetric dioptric power 
such as stereo-pair scatter plots, distribution ellipsoid volumes, and variance-covariance 
matrices and polar profiles of variance are used to investigate the intra-session and inter-
session variation of keratometric behaviour and refractive state. 
- Univariate statistics are used to analyse distribution ellipsoid volumes and variances so 
that comparisons can be made between groups under investigation. 
- Variation of corneal pachymetry within each participant will be analysed using univariate 
statistics such as box-plots and Bland-Altman plots.  
 
Chapter 2 provides a review of the theoretical background of KC and the parameters that 
are being explored, namely, keratometry, refraction and pachymetry. This chapter also includes a 
brief overview of the multivariate methods and statistics applied to the data in this study. Chapter 
3 provides a description of the experimental methods employed in this study while the 
multivariate analysis of keratometric behaviour and refractive state are detailed in Chapters 4 and 
5 respectively. Chapter 6 provides the univariate analysis of pachymetry and the summary of 
results and concluding remarks are in Chapter 7. The list of references and the appendices can be 
found in Chapters 8 and 9 respectively.  
 
 
 
3 
 
CHAPTER 2: LITERATURE REVIEW AND THEORETICAL BACKGROUND 
 
Keratoconus was first formally described circa the eighteenth century therefore, it was 
necessary here to use only dated references for the description of the condition. Some of these 
original descriptions were sources in literature written in languages other than English. In those 
cases the original article was referenced herein as well as the English literature that made 
reference to it. 
  
2.1 General overview of keratoconus 
It is difficult to pinpoint exactly when KC was first described in the literature because of 
the lack of organised record keeping in early scientific times. Most authors seem to agree, 
however, that some of the earliest descriptions of the condition were by Benedict Duddell 
sometime between 1729 and 1736 and Burkard David Mauchart in 1748 (Grzybowski and 
McGhee, 2013). Although extensive research has been done over many years KC remains an 
enigma. There are many reasons for this such as the difficulty in quantitatively analysing 
advanced cases where there is corneal scarring and severe irregularity, the diversified nature of 
the progression and manifestation of the disease between individuals and the multifactorial 
nature of KC to name a few.  
Keratoconus is an ectatic disease (Gomes et al., 2015) that has traditionally been 
described as a chronic, progressive, bilateral (albeit asymmetrical), non-inflammatory thinning of 
the cornea that results in steepening of corneal curvature and irregular astigmatism leading to 
poor visual performance. This long-standing description of the disease may have to be revised in 
view of the recent literature regarding the role of inflammation in KC. Many studies have found 
inflammatory markers in higher concentrations in the tears of patients with KC compared to 
healthy control patients (Lema and Durán, 2005; Galvis et al., 2015; Shetty et al., 2017a) and the 
ongoing research on the matter should eventually clarify the extent to which KC is inflammatory 
or not. 
The pathogenesis of KC remains elusive due to its multifactorial nature. The exact cause 
of the disease is also difficult to elucidate due to complex associations between genetic and 
environmental factors. Although genetic links have been found in KC (Wang et al., 2002; Tuft et 
al., 2012) the exact gene responsible is still unknown (Fournié et al., 2017). Keratoconus usually 
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occurs as an isolated condition, however, links to other diseases such as Down’s syndrome, 
Leber’s congenital amaurosis, Ehler’s-Danlos syndrome, Osteogenesis Imperfecta and atopy 
have been documented (Rabinowitz, 1998; Romero-Jiménez et al., 2010; Gomes et al., 2015). 
Eye rubbing is a feature in some of these diseases and is considered to play a major role in the 
progression of KC.    
The well-established clinical signs of KC can be evaluated with relatively basic clinical 
tools such as a retinoscope (scissoring of the retinoscopic reflex), ophthalmoscope (oil droplet 
reflex or Charleaux sign), slitlamp (Vogt’s striae, irregular fibrillary lines, Fleischer’s ring, 
corneal thinning and associated bulging, corneal scarring, increased visibility of corneal nerves, 
hydrops and breaks in Descemet’s membrane) and manual keratometer (irregular shape of mires, 
steep radii of curvature and high amounts of corneal astigmatism). With gross observation of the 
eye in advanced cases of KC, one would notice Rizzuti’s sign (lateral illumination of the cornea 
results in a brightly focused light close to the nasal limbal area) and Munson’s sign (the lower lid 
assumes a ‘v-shape’ when eyes are in downward gaze).  
The physiological processes that cause the corneal irregularities seen with the slitlamp are 
complicated and some are poorly understood therefore a simple overview is provided as the 
details are beyond the scope of this thesis. The fine vertical lines in the posterior stroma known 
as Vogt’s striae were first described by Professor Alfred Vogt in 1919 (Krachmer et al., 1984). 
The appearance of these lines are due to the increased folding of collagen lamellae and they tend 
to disappear when pressure is applied to the globe (Bron, 1984; Lawless et al., 1989). Other fine 
lines noted are fibrillary lines. These lines are also present in normal corneas, however, they have 
been noted to take an irregular pattern in keratoconic corneas (Bron, 1984). Fleischer’s ring is 
named after Dr Bruno Otto Fleischer, who first described the iron ring around the base of the 
cone in keratoconic corneas in 1906 (Fleischer, 1906, cited by Barraquer-Somers et al., 1983). 
The characteristic brown colour of the Fleischer’s ring comes from the hemosiderin pigment that 
accumulates in epithelial cells around the base of the cone and is best viewed with cobalt blue 
light (Krachmer et al., 1984). Barraquer-Somers et al. (1983) suggested that this iron deposition 
comes from the tears that accumulate in irregularities on the corneal surface. 
 Intrinsic corneal scarring found in KC can be either superficial or deep depending on the 
cause. Fine superficial scarring found at the apex of the cone is believed to be due to ruptures in 
Bowman’s layer (Krachmer et al., 1984). Deeper more vision threatening scarring sometimes 
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occurs as a result of corneal hydrops. Corneal hydrops, which was first described in 1906 by 
Professor Adrien Félix Terrien, occurs as a result of breaks in Descemet’s membrane that allows 
the accumulation of aqueous humour in the stroma (Terrien, 1906, cited by Krachmer et al., 
1984). Corneal hydrops is of sudden onset and involves a painful red eye with a dramatic 
reduction in visual acuity but is usually self-limiting; however, once resolved scarring and breaks 
in Descemet’s membrane remain (Rabinowitz, 1998; Romero-Jiménez, 2010). An extrinsic 
factor that may play a role in corneal scarring is contact lens wear (Lawless et al., 1989). In their 
longitudinal evaluation of 1209 patients with KC, Barr et al. (2000) found a positive association 
between contact lens wear and corneal scarring.  
The physiological involvement of corneal nerves in the disease process of KC is unclear. 
Keratoconic corneas are known to have lower corneal sensitivity when compared to normal 
corneas (Millodot and Owens, 1983). Whether this is due to the decreased nerve fibre density in 
KC is inconclusive (Simo et al., 2005). Although there is a decrease in nerve fibre density, 
stromal corneal nerves have been found to be thicker in patients with KC (Simo et al., 2005; 
Ozgurhan et al., 2013) and this would account for the increased visibility of corneal nerves in 
KC seen during a slitlamp evaluation.  
There are two theories that have been hypothesised to account for the stromal thinning 
that is evident in KC. One is that there is destruction of stromal tissue by collagenolysis and 
apoptosis of keratocytes (Lawless et al., 1989; Kim et al., 1999) and the other is that the collagen 
lamellae have poor adhesions to each other and to Bowman’s membrane and slide out of place 
(‘slippage’) (Meek et al., 2005) resulting in the appearance of a thinner cornea. The slippage that 
is noted in keratoconic corneas could be responsible for the disorganised arrangement of stromal 
lamellae leading to curvature changes and subsequent visual changes. Slippage would also 
partially account for the weakened state of the cornea (Meek et al., 2005).  
 
2.2 The structural characteristics of the keratoconic cornea  
The earliest description of topographical corneal changes seen in KC was in 1938 by 
Marc Amsler (cited by Rabinowitz, 1998). Since then and in the last 80 years technology has 
evolved from the simplistic design of the Placido disk to the sophisticated computer-assisted 
technologies used today. Initially only the anterior surface of the cornea could be evaluated 
(topography); however, as technology progressed the evaluation of a section through the cornea 
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became possible (tomography). Changes in corneal curvature and thickness are important 
features in the progression of KC (Gomes et al., 2015). It is therefore not surprising that much of 
the literature is dedicated to understanding these characteristics of the keratoconic cornea. 
Tomographers such as the Oculus Pentacam are capable of taking up to 50 images of sections 
through the cornea in approximately two seconds and thereafter generates a plethora of 
topometric, pachymetric and aberrometric information that are displayed as both quantitative 
data and qualitative colour maps. For the purposes of this thesis, only some of the structural 
information generated (such as curvature and thickness measurements) are pertinent to discuss 
here in more detail than other parameters. 
A progressive steepening of the corneal curvature is a fundamental characteristic of the  
keratoconic cornea. This steepening occurs at both the anterior and posterior surfaces of the 
cornea (Gomes et al., 2015). The use of corneal tomography to evaluate KC clinically has 
increased extensively over recent years (Gokul et al., 2018). This is probably due to its ability to 
evaluate both surfaces of the cornea swiftly, non-invasively and efficiently. It has also become 
popular in refractive surgery screening because of its ability to detect early changes in incipient 
cases of KC (Lopes et al., 2016). The tomographer of choice for this study was the Pentacam as 
many agree it is an instrument with high precision (Chen and Lam, 2009; Crawford et al., 2013; 
Gomes et al., 2015; Laursen et al., 2015; Viswanathan et al., 2015; Chetty, 2016). Directly 
comparing data from different tomographers could be specious because instruments use different 
methods of measurement and different algorithms for calculations. Even with tomographers that 
use similar principles of measurement (that is, Scheimpflug imaging) such as with the Sirius 
(Costruzione Strumenti Oftalmici, Florence, Italy), and Galilei (Ziemer, Biel, Switzerland), 
results are inconclusive as to whether these systems can be used interchangeably (Ramirez-
Miranda et al., 2014; De la Parra-Colín et al., 2014; Shetty et al., 2014). De la Parra-Colín et al. 
(2014) suggest that keratometric data from the Sirius and Pentacam can be used interchangeably, 
however, pachymetry data cannot. As a result, one should be prudent when comparing results 
from various studies using different instruments.  
The comparative study done by Piñero et al. (2010a) placed their 71 subjects in one of 
four groups, that is, 18 in the more severe KC 2 group (grade II), 19 in the KC 1 group (grade I), 
14 in the subclinical group and 20 in the control group. Corneal volume, pachymetry and 
keratometric and refractive states were investigated. This study revealed that there was a strong 
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correlation between the anterior and posterior corneal curvature in the normal and subclinical 
groups and a weaker correlation in the KC 1 and 2 groups, which conversely had a greater 
correlation between anterior and posterior corneal astigmatism (cylinder) than did the normal and 
subclinical groups. The subclinical group did not have significantly different anterior and 
posterior curvature changes, but with its significantly higher amounts of posterior astigmatism 
was found to be distinctly different from the normal group. It was also found that the two KC 
groups had significantly greater astigmatism values compared to the normal controls. It was also 
revealed that the pachymetry and mean corneal volume were significantly lower in the KC 
groups than in the control group. This study is indicative of the fundamental changes that occur 
in the keratoconic cornea, that is, steeper corneal curvatures (anterior and posterior) and thinner 
pachymetry. 
 
2.3 Parameters sensitive to the detection of keratoconus 
Some of the well-known indices for detecting KC include the long-standing KISA% 
index (Rabinowitz and McDonnell, 1989), and more recently the Belin-Ambrosio Enhanced 
Ectasia Display (Belin et al., 2015). Numerous studies over the years have endeavoured to find 
diagnostic tools to enhance the early identification of KC. Amongst these,   
Torquetti et al. (2012) used the Pentacam HR to evaluate 1071 eyes (of 810 patients with KC) 
with a mean age of 29.4 ± 9.4 years. The changes and correlations between variables such as 
anterior corneal curvature, pachymetry, corneal volume and asphericity (Q) were investigated. In 
an effort to keep the grading clinically simple they chose to use their own grading system based 
purely on mean anterior keratometry measurement (Kmean) and divided patients into five groups. 
Groups ranged from very mild (Kmean < 44.0 D) to very severe (Kmean > 60.0 D). An ANOVA 
test (analysis of variance) was used to compare variables among groups and correlations between 
variables were evaluated with the Pearson correlation test. They found that corneal asphericity 
values decreased significantly, as the severity of KC increased and suggested that asphericity 
could be more useful in diagnosing KC than Kmean because it offers a more generalised view of 
overall corneal shape than the Kmean. No correlation was found between corneal volume and 
Kmean, however, correlation did exist between Kmean and thinnest corneal thickness for all grades 
of KC except in the very mild group. 
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Using the Sirius Scheimpflug/ Placido disk system, Montalbán et al. (2013a) looked at 
the relationship between anterior and posterior corneal shape in an effort to ascertain its 
usefulness in detecting KC. Sixty one (61) eyes of 61 patients with KC (ranging from 14 to 64 
years) and 100 control eyes of 100 healthy participants (ranging from seven to 66 years) were 
included in their analysis. The Sirius topographer provided anterior segment variables that 
included mean corneal radius and mean asphericity (or shape factor) for both surfaces of the 
cornea, white-to-white corneal diameter, minimal and central corneal thickness and anterior 
chamber depth. The mean corneal radii were recorded for the 3, 5 and 7 mm central zone and the 
mean asphericity for a 4.5 mm and 8 mm corneal diameter. Antero-posterior curvature and shape 
factor ratios were also calculated. All corneal radii measurements were found to be significantly 
smaller in the KC group compared to the control group, however, there was no significant 
difference found in the curvature ratio between the two groups. The KC group was then further 
divided into stages of disease according to the well-known Amsler-Krumeich method. A 
significantly higher curvature ratio was found when stage IV patients with KC were compared to 
control subjects. Antero-posterior ratio for shape factor was found to be significantly higher in 
the KC group when compared to the control group, however, the authors felt it had limited 
diagnostic ability due to the large variation noted in individuals in the KC group. Minimal 
corneal thickness, anterior chamber depth and anterior asphericity (for an 8 mm corneal 
diameter) were identified as good predictors for KC diagnosis. However, ROC (receiver operator 
characteristic) analysis indicated that these quantities were better diagnostic predictors when 
used together rather than independently.  
Pentacam variables were compared between the groups that Bae et al. (2014) described 
as KC, ‘fellow eye’ and normal. The ‘fellow eye’ being the eye that had no topographical 
indication of disease in a patient with KC. These patients were previously referred to as having 
unilateral KC, however, it is well known that this does not truly exist. Therefore, the ‘fellow eye’ 
represents a subclinical form of KC in a patient whose other eye has definite KC. This 
retrospective study analysed patient records of 14 patients with KC and 34 refractive surgery 
candidates that made up the control group. Numerous Pentacam variables were included in their 
analysis. They concluded that the earliest form of KC may be more efficiently diagnosed using 
variables such as keratometric asymmetry and anterior/posterior elevation difference rather than 
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simulated keratometry and pachymetry measurements as these hallmark parameters were not 
significantly different from normal corneas in the subclinical phase of the disease. 
In their retrospective controlled study, Toprak et al. (2015) analysed a single Pentacam 
measurement taken on 183 eyes with KC (of 183 patients with KC) and 131 control eyes (of 131 
age and sex matched healthy individuals). The age range for all participants was between 18 and 
40 years. Several Pentacam variables were noted for analysis including, average anterior 
keratometry, maximum keratometry, topographic astigmatism, various pachymetry 
measurements and corneal volume. The Amsler-Krumeich method was used to grade the severity 
of KC. On completion of their ROC analysis, the investigators found that maximum keratometry 
(Kmax in dioptres) and thinnest pachymetry (TP in micrometres) had the best diagnostic ability 
from all variables investigated. They then tested the ratio Kmax/TP which provided a 97.3% 
sensitivity and 94.7% specificity with an AUC (area under the curve) value equal to 0.993. Their 
ratio was further amended to Kmax2/TP, which then yielded slightly higher sensitivity and 
specificity percentages. The outcomes of their study provided what the authors referred to as a 
sensitive practical formula for detecting KC that could be used in clinical practice.   
Hashemi et al. (2016) investigated 226 patients with KC (447 eyes) and 100 controls (one 
eye per participant randomly selected) with a mean age and standard deviation of 32.02 ± 10.15 
and 29.64 ± 7.45 years respectively. The keratoconus severity score (KSS) grading system 
(McMahon, 2006) was used to categorise KC patients as suspicious, mild, moderate and severe. 
Topometric, pachymetric and aberrometric data were used in their analysis. BAD_D 
(Belin/Ambrosio enhanced ectasia total deviation value), ISV (index of surface variance), IVA 
(index of vertical asymmetry) and 5th order vertical coma aberration were established to be good 
discriminators of subclinical KC when used in combination. ROC analysis revealed that a 
sensitivity of 97.9% and specificity of 96.9% is achieved when these variables were used in 
combination to detect early KC. ROC analysis also demonstrated a cut-off point of 45 D for 
mean anterior keratometry which prompted the authors to suggest that the traditional value of  
47 D may need to be reconsidered to avoid missing subclinical cases of KC.  
In addition to the regular parameters that the Pentacam measures automatically, Mas-
Aixala et al. (2016) measured additional parameters by physically drawing lines on Pentacam 
Scheimpflug images of the cornea at the horizontal meridian (180˚). Forty-four eyes with KC of 
44 patients with KC aged 35.29 ± 13.21 years and an equal number of control subjects aged 
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34.14 ± 8.49 years were included in their analysis and the Amsler-Krumeich method was used to 
grade the KC patients. From the new parameters proposed by Mas-Aixala and associates, the 
DL_180 and ACD_end_180 was found to be statistically significantly different between the KC 
group and the control group. The DL_180 was described as the distance to the crystalline lens, 
which is measured perpendicularly from a horizontal line drawn from limbus to limbus. The 
ACD_end_180 was determined by measuring the distance from the corneal endothelium to the 
ocular lens. Their findings indicated that in addition to the well documented central corneal 
changes that occur in KC, there were also peripheral changes at the limbus and sclera that could 
be used as diagnostic aids. 
As technology progressed over the years, the devices that became available for clinical 
use opened different and new avenues to assess the keratoconic eye. As such, some of the most 
recent research done in finding diagnostic tools for KC is the evaluation of the corneo-scleral 
profile with a fairly new instrument called the Eye Surface Profiler (ESP) from Eaglet Eye 
(Houten, The Netherlands). Piñero and his associates (2019) investigated the diagnostic 
efficiency of some of the corneo-scleral topographic data provided by the ESP. Twenty one eyes 
of 11 patients with KC and one randomly selected eye of 88 healthy controls were included in 
their study. Patient ages ranged from 21 to 73 and 27 to 53 years for controls and patients with 
KC respectively. The inferior tangent angle (ITA) at the limbus along with various sagittal 
heights were found to be significantly different between the KC group and the control group. The 
lower ITA and higher sagittal heights found in the KC group indicated that the keratoconic 
cornea had a significantly more asymmetric central and peripheral profile than the control group. 
However, these significant differences were only found in moderate and severe cases of KC. It 
was concluded that the corneo-scleral topographic changes should be used in conjunction with 
more well-established diagnostic factors in the detection of KC especially in the early stages of 
the disease. Many agree that no single parameter is sufficient as a diagnostic tool and that 
various indices need to be used in combination to efficiently differentiate subclinical KC corneas 
from healthy ones (Shetty et al., 2017b; Piñero et al., 2019). 
 
2.4 Precision studies: repeatability and reproducibility  
According to the International Organization of Standardization (ISO) (ISO 5725, 1994) 
precision can be defined as ‘the closeness of agreement between test results’. McAlinden et al. 
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(2011) further unpack the definition: ‘Repeatability and reproducibility are the two faces of 
precision. Repeatability refers to the variability in repeated measurements by one observer when 
all other factors are assumed constant. Reproducibility refers to the variability in repeated 
measurements when one or more factors, such as observer, instrument, calibration, environment, 
or time is varied’. It should be noted that precision is often referred to as reliability in the 
literature. With every new ophthalmic instrument released into the market comes a host of 
research to investigate its repeatability and comparability to existing technology. It is an 
important process because it is necessary to evaluate if a particular instrument is useful with 
consistently tracking the progress of disease and if instruments can be used interchangeably 
allowing for direct comparisons to be made. It is also necessary to test the repeatability of 
ophthalmic instruments with both diseased and healthy control eyes to evaluate if the differences 
could be used as a diagnostic tool in itself especially in incipient cases. Repeatability studies are 
especially useful in the study of KC for the aforementioned reasons and thus forms the crux of 
this thesis. With the advent of promising techniques such as corneal cross-linking (CXL) it is 
vital to find reliable methods of detecting and tracking the progression of KC as early as 
possible.  
 
2.4.1 Reproducibility 
As mentioned earlier the reproducibility of measurements can be evaluated by changing 
any single or multiple factors such as observer or time of measurement. Xu et al. (2016) explored 
the reliability of the Pentacam with respect to corneal pachymetry measurements. Healthy (60 
eyes of 60 patients), post-LASIK (60 eyes of 30 patients) and KC (27 eyes of 14 patients) 
patients were included in their study. Two measurements were taken by the first operator 
(repeatability) and a single measurement was taken immediately thereafter by a second operator 
(reproducibility). They reported that the Pentacam exhibited good overall reliability for 
pachymetry measurements, however, reliability decreased from central to peripheral pachymetry 
measurements in all groups.  
 In an earlier study of similar design Güler et al. (2014) found measurements of the central 
corneal thickness to be reliable when using the Galilei dual Scheimpflug analyser in normal, 
post-refractive and KC groups. Otchere and Sorbara (2017) investigated the reproducibility of 
pachymetry measurements taken with the Pentacam and Visante OCT on 20 patients with KC. 
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The same operator took two measurements per eye with each instrument during two measuring 
sessions 24 hours apart. They found both instruments to have good reliability centrally and poor 
reliability peripherally, which is similar to the results presented by Xu et al. (2016) and Güler et 
al. (2014).  
For healthy corneas (Hernández-Camarena et al., 2014), three Scheimpflug devices 
(Pentacam, Sirius and Galilei) were found to be repeatable and reproducible with regards to 
anterior corneal curvature and central corneal thickness measurements. In another reliability 
study on normal corneas (Chen and Lam, 2009) anterior and posterior corneal curvature 
measurements were converted to power vectors M, J0 and J45 (Thibos et al., 1997). Although all 
variables were found to be reliable, the posterior power vectors J0 and J45 were found to be less 
reliable in comparison to the simulated keratometry measurements that were conventionally used 
in this type of analysis. This highlights the need to analyse keratometric data in its entirety, that 
is, to consider the axes that corresponds to the radii of curvature. 
Flynn and colleagues (2016) examined the effect that the severity of KC had on the 
reliability of Pentacam measurements. Anterior corneal keratometry along the flat and steep 
meridians, maximum corneal keratometry and thinnest corneal thickness were analysed in one 
eye of 96 patients with KC. Severity of disease was graded according to the built-in grading 
system of the Pentacam. Two operators (for reproducibility) took two scans per eye (for 
repeatability). They found that the reliability of measurements decreased as the severity of KC 
increased and suggested that the stage of the disease should be considered when trying to 
differentiate true disease progression from other sources of variation.  
The reliability and reproducibility of posterior corneal surface and aberrometric 
measurements taken with the Pentacam were investigated by Sideroudi and associates (2013). 
Three consecutive Pentacam measurements were taken on one randomly selected eye from 62 
normal, 33 KC and 34 corneal cross-linked (CXL) patients. Two operators conducted this 
procedure over two measurement sessions that took place within two weeks in an effort to 
determine the inter-session, intra-session and intra-observer repeatability and reproducibility. 
Amongst other variables, the posterior curvature measurements along the flat and steep 
meridians were found to be both repeatable and reproducible in all groups for both operators, 
however, some of the aberrometric parameters were found to have limited reliability. As could 
be expected, the means of all variables were significantly different between the control group 
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and the experimental (KC and cross-linked) groups. In a similar study design, a more recent 
investigation by Sideroudi et al. (2018) explored the reliability of anterior keratometry in terms 
of Fourier analysis derived from the Pentacam. Parameters investigated included SphRmin 
(spherical component), SphEcc (spherical eccentricity), MaxDec (maximum decentration), Ast 
(regular astigmatism) and Irr (irregularity). They also found these parameters to have satisfactory 
repeatability and reproducibility for all groups (control, KC and CXL).  
 
2.4.2 Repeatability 
Various instruments have been used to evaluate the repeatability of numerous anterior 
segment parameters over the years. The Pentacam has been found to have excellent repeatability 
for parameters such as corneal pachymetry (Shankar et al., 2008; Martin et al., 2015) and 
keratometry (Crawford et al., 2013; De la Parra-Colín et al., 2014) in normal healthy eyes. 
Similar findings were established with other instruments such as the Sirius (Prakash and 
Srivastava, 2016) and the VX120 system (Visionix-Luneau Technologies, Chartres, France) 
(Piñero et al., 2017) as well.  
Fewer repeatability studies include eyes with KC in their cohort. Although good 
repeatability of anterior segment parameters were found in many studies which included KC, 
most authors agree that there is greater variability of measurements in such patients and 
repeatability decreases as the severity of KC increases (Kosekahya et al., 2018). Meyer and 
associates (2017) compared and evaluated the repeatability of keratometry and pachymetry 
measurements taken with three tomography instruments, namely, the Pentacam HR, Orbscan II 
(Bausch & Lomb, Rochester, New York, USA) and Galilei Dual Scheimpflug Analyzer (Ziemer, 
Port, Switzerland). In their prospective, comparative study three measurements per eye were 
taken with each instrument on 50 patients with KC. One eye per participant (25 right and 25 left 
eyes) was included in the analysis and no exclusions were made if any of the scans were of poor 
quality. Keratoconus severity (grade I to IV) was graded according to the built-in Pentacam 
grading system. Variables measured included flat and steep keratometry, central corneal 
thickness (CCT) and thinnest corneal thickness (TCT). The axis of the central simulated 
keratometry was not taken into consideration in their analysis. Although control eyes were not 
included in their study, on comparison of the literature the authors found that their KC sample 
exhibited more variability in keratometry and pachymetry measurements. The Pentacam and the 
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Galilei were shown to have the greatest repeatability for keratometry and pachymetry 
measurements respectively. Although all three instruments showed good repeatability 
independently for all variables measured, it was concluded that the instruments could not be used 
interchangeably as there was poor agreement of measurements between them. When comparing 
repeatability across the grades of KC Amiri et al. (2017) found the repeatability of pachymetry 
measurements to decrease as the severity of KC increased. Consistent with the findings of Meyer 
et al. (2017), they also found that pachymetry measurements taken on patients with KC with the 
Pentacam and Orbscan could not be used interchangeably and that the Pentacam demonstrated 
better repeatability than the Orbscan.      
Intra-participant repeatability was investigated in 61 patients with KC using the Sirius 
system (Montalbán et al., 2013b). Three measurements per randomly selected eye were used in 
the analysis of several anterior segment variables some of which included the anterior and 
posterior corneal curvature and central and minimum corneal thickness. These investigators 
suggested that keratometry measurements be analysed in their converted power vector form in 
order to determine curvature changes more comprehensively. Using the method described by 
Thibos and Horner (2001) keratometric measurements were converted to power vectors J0, J45 
and B (overall strength blur). Good repeatability was found for all parameters measured except 
for the posterior power vector J0 which had moderate repeatability. They also established that 
there is greater variability in keratometry measurements in eyes with a steeper posterior corneal 
surface. Taking the axis of central keratometry measurements into consideration highlighted the 
above-mentioned observation that was not reported previously. This, once again, clearly 
demonstrates the need to analyse corneal curvature in its entirety, that is, including sphere and 
cylinder power and axis.   
There has been longstanding agreement that automated measures of refraction are 
repeatable in healthy eyes. With the use of vector power analysis (see Thibos et al., 1997), 
Bullimore et al. (1998) compared the repeatability between automated measurements and 
subjective measurements of refraction. They concluded that automated measurements were more 
repeatable than subjective refraction. Using the same vector analysis method, Raasch et al. 
(2001) investigated the repeatability of subjective refraction in the right eyes of 40 normal 
myopic patients and one randomly selected eye of 138 patients with KC. The authors used the 
same sample from a previous study (Davis et al., 1998) where they had analysed data in the 
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conventional form of sphere, cylinder and axis. They acknowledged that converting conventional 
refractive data into vector powers in three dimensional power space provides a more 
comprehensive analysis with more meaningful results. They concluded that refraction in KC is 
much less repeatable than in myopic patients without KC and that the difference in medians were 
as much as four to six times greater in the KC group than in the myopic group.  
 
2.5 Diurnal variation  
The optical system of the human eye generally goes through various small circadian 
variations. In optometry and ophthalmology literature, these changes are referred to as diurnal 
variations and have been investigated extensively over the years.  
Cronje-Dunn (1995) and Mathebula and Rubin (2008a) investigated the short-term 
variation of corneal shape. In her thesis, Cronje-Dunn took 50 successive auto-keratometric 
measurements on the right eyes of 10 male subjects (females were excluded to reduce extraneous 
variables relating to menstrual cycles). The first set of measurements was taken at 7:00 am and 
the second set at 5:00 pm (10 hours later). This was done once a week for four weeks. The study 
made use of multivariate methods and statistics to analyse the data that were made possible by 
converting the central keratometry readings to Harris vectors (h vectors) that can be analysed in 
three-dimensional symmetric dioptric space. These methods and statistics will be discussed in 
detail later in Chapter 2. Cronje-Dunn showed that although the amount of central keratometric 
variation is inconsistent across individuals, there seems to be a general trend of increasing 
corneal curvature (predominantly in the vertical meridian) from morning to afternoon 
measurements. She also postulated that keratometric variation of the central cornea may be as a 
result of the volatile overlying tear film (Cronje and Harris, 1996). What was also noticed during 
her study (1995) was the possible influence of exercise on keratometric variation. This aspect 
was then further investigated by Du Toit in 2001 who investigated keratometric variation 
induced by physical activity in 14 male participants by taking 50 auto-keratometric 
measurements before physical activity, immediately after physical activity and after a one hour 
rest period. These three sets of auto-keratometric measurements for each participant revealed that 
physical activity does appear to influence keratometric variation. The multivariate statistics 
employed in this study (same as that used by Cronje-Dunn, 1995) revealed that for most 
participants, physical activity increased keratometric variation primarily along the vertical 
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meridian with little change along the horizontal meridian. This variation decreased after the one 
hour rest period. The author concluded her dissertation by suggesting that physical activity 
increases keratometric variation as well as corneal curvature mainly along the vertical meridian 
of the eye. This may be a factor for researchers to consider when giving pre-measurement 
instructions to participants in experiments which investigate corneal curvature. 
Mathebula and Rubin (2008a) used similar multivariate methods and statistics as the two 
authors above to investigate the short-term keratometric variation (anterior and posterior) in a 
single participant. Here, auto-keratometric measurements were transformed to dioptric power 
matrices and analysed in three-dimensional symmetric dioptric power space (discussed later in 
Chapter 2). They used the Oculus Pentacam and the Nidek ARK-700 auto-
refractometer/keratometer to take 43 successive anterior/posterior keratometry readings and 
refractive and anterior keratometric readings respectively. Their study showed that there is 
greater keratometric variation on the anterior corneal surface than on the posterior corneal 
surface probably mostly due to the instability of the pre-corneal tear film.  These authors also 
believe that due to the keratometric variation present in the human eye, multiple measurements 
should be taken when these instruments are used in research or in a clinical setting.   
Diurnal variations of corneal thickness and shape, and the association between the two, 
were explored by others such as Kiely et al. in 1982, Giráldez-Fernandez et al. in 2008 and Read 
and Collins in 2009 over a 12 hour, 10 hour and 24 hour period respectively. All three studies 
reached the same conclusion, that is, there is a decrease in average corneal thickness and increase 
in average central corneal curvature as the day progresses from the point of waking. These 
studies also suggest that there is a significant correlation between corneal thickness and corneal 
curvature changes. That is, as the corneal thickness decreases, so too does the central radius of 
curvature (decreasing radius of curvature indicates a steepening of corneal curvature). For their 
samples, average corneal thickness was found to be the thickest and the average anterior corneal 
curvature the flattest upon waking. In addition to these findings, Read and Collins (2009) also 
took measurements of the posterior corneal surface and found that it was at its steepest curvature 
upon waking and flattened as the day progressed. Despite its general importance, in this thesis 
diurnal variation is unlikely to effect the results as measurements were acquired within an hour 
for each measuring session and the Session two for each participant was scheduled at the same 
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time of day as Session one, but one week later. See Chapter 3 later for a complete description of 
the methods used herein.  
 
2.6 Hormonal influences  
Some trials that investigated keratometric variation opted to confine their test participants 
to males because of the concern that female hormones could possibly cause transient shifts in the 
eye’s normal physiology thereby obscuring or influencing the results of such research. In 1983 
Kiely et al. examined the changes in corneal thickness, curvature and topography during the 
period of a full menstrual cycle. For the six subjects used in their study, a full cycle lasted 
between 20 and 44 days. Central corneal curvature and thickness were measured with a Bausch 
and Lomb manual keratometer and Haag-Streit pachometer (attached to a Nikon slitlamp) 
respectively. These measurements were taken every day at the same time during the test period. 
Their study demonstrated that there were fluctuations in corneal thickness and curvature during 
menses, more specifically, an increase in central corneal curvature at the beginning of the cycle 
which then flattens after ovulation and an associated increase of central corneal thickness with 
the increase of oestrogen levels which peaks during ovulation.   
Later studies (Oliver et al., 1996; Aydin et al., 2007; Hashemi et al., 2010) which utilised 
contemporary automated instruments and larger study samples, one of which included controls, 
have all reached similar conclusions. These three studies concluded that there were either no 
detectable changes (Oliver et al., 1996) or no clinically or statistically significant changes (Aydin 
et al., 2007; Hashemi et al., 2010) in central corneal curvature of young, healthy, premenopausal 
women. Kiely et al. (1983) and Hashemi et al. (2010) stipulated that their participants were not 
taking oral contraceptives. As cited in a review paper by Wagner et al. (2008), Soni (1982) found 
an increase in corneal curvature in women using oral contraceptives for a month which thereafter 
reversed and another study in 1971 by Anderson and Martin also showed that, for some women, 
oral contraceptives caused a steepening of corneal curvature after six months, and for fewer 
women, the effect continued even after 12 months. As the authors of the review paper 
(mentioned above) stated, these changes may be statistically significant but they are of small 
magnitude typically and unlikely to have much impact on the clinical care of female patients. In 
agreement with this statement and due to the inconsistencies in the literature on this matter, it 
was deemed unnecessary to exclude female patients from the research for this thesis. 
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Furthermore, the test duration for this study per participant was typically only one hour per 
session and hormonal effects were probably negligible in that short space of time. Data for some 
participants were collected over a period of one week (Sessions one and two) and hormonal 
changes might have had greater influences. 
 
2.7 The Oculus Pentacam 70700 
A preliminary investigation was conducted at the beginning of this study to evaluate the 
precision and variability of the Oculus Pentacam (Chetty, 2016). The precision and variability of 
anterior and posterior corneal curvature measurements were investigated with the use of multiple 
measurements on one female participant (21 years old). Twenty consecutive measurements were 
taken at each of three measuring sessions spread over one day at 8 am, 10 am and at noon. 
Posterior corneal curvature measurements were found to be more variable than anterior 
measurements, however, overall the Pentacam was found to have good clinical and statistical 
precision. This finding was in accordance with other studies, such as those mentioned below. 
Laursen et al. (2015) and Viswanathan et al. (2015) found the Pentacam to have good 
repeatability and reproducibility for anterior corneal surface measurements. Crawford et al. 
(2013) had only tested repeatability and found it to be good for anterior corneal surface 
measurements. As mentioned, Chen and Lam (2009) demonstrated that the Pentacam had good 
reproducibility for both the anterior and posterior corneal surfaces, however, repeatability was 
good for all parameters except for the posterior power vector J45. Using three dimensional 
dioptric power space and multivariate statistics, Gillan (2008) investigated the repeatability of 
anterior and posterior corneal curvature in a mildly keratoconic eye and found the anterior 
corneal surface to exhibit more keratometric variation. This could possibly be due to the irregular 
anterior corneal surface often associated with keratoconus. 
 
2.8 The Nidek auto-refractometer (ARK 700) 
The repeatability and accuracy of the Nidek ARK-700 was tested by Mathebula and 
Rubin (2008b). As part of the first author’s doctoral thesis, 40 successive auto-keratometric 
measurements were taken on a test eye on three occasions over the span of one year. A test eye 
was used to avoid the many complications of the human eye and the dynamic nature of living 
tissue. Complete and accurate analyses of data were provided by the multivariate methods as 
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employed in this study also and discussed in Section 2.9 in Chapter 2. These authors (Mathebula 
and Rubin) concluded that the Nidek ARK-700 provided repeatable and accurate measures on 
the test eye concerned and also when used on participants, the variation exhibited was probably 
not created by the instrument but mostly due to the non-static nature of the human eye. Other 
studies that employed analogous methods and reached similar conclusions are Cronje-Dunn and 
Harris (1996) and Cronje and Harris (1999). These authors conducted an experiment which 
included taking 50 auto-keratometric measurements each on a wet and dry PMMA button (1996) 
and they established that the tear layer was possibly the major contributor to variation in 
keratometric measurements. Later, in their 1999 study, the same authors found that 
measurements taken on a test eye with an auto-keratometer were less variable than that for a 
manual keratometer (probably because in manual keratometry the incidence of operator error 
was greater than for automatic keratometry) and that the measurements taken on a human eye 
with the same two instruments were equally variable. In essence, when taking keratometry 
measurements on a human eye, one would expect to find variation, however, when these 
measurements are obtained with an auto-keratometer, as opposed to a manual keratometer, one 
can be fairly confident that the variation observed is most likely due to fluctuations in the eye 
and not within the instrument. 
 
There are three components to central corneal power measurements, namely, the power 
along the flat meridian, the power along the steep meridian and the axis of the flat meridian. 
Similarly refractive state is also described with three components namely, sphere (Fs), cylinder 
(Fc) and axis (A). Most studies that investigate corneal curvature and refractive data analyse each 
of the three components individually rather than as the holistic entity that they truly represent. In 
doing so some pertinent information may be inadvertently omitted. Therefore, it would be 
beneficial for both corneal curvature and refractive state to be analysed holistically in 
keratoconic patients with the use of multivariate methods and statistics. This is in general 
alignment with some of the studies discussed above. Corneal thickness is another important 
parameter that is greatly impacted by KC and has implications on treatment strategies such as 
corneal cross-linking. Investigating the short-term variation of these parameters in keratoconic 
and normal corneas may lead to earlier diagnosis and perhaps better treatment options for the 
disease which could improve quality of life for keratoconic patients.  
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Most studies done on the anterior segment of keratoconic eyes have investigated 
correlations between various factors such as anterior and posterior corneal curvature 
(Tomidokoro et al., 2000; Piñero et al., 2010a; Reddy et al., 2014), corneal elevation (Fam and 
Lim, 2006; Schlegel et al., 2008; Muftuoglu et al., 2013), anterior chamber depth (Kovács et al., 
2010; Abolbashari et al., 2013 ) and volume (Emre et al., 2007; Abolbashari et al., 2013), 
pachymetry (Kovács et al., 2010; Nakagawa et al., 2011; Abolbashari et al., 2013) and 
aberrations (Alió and Shabayek, 2006; Piñero et al., 2010b) to differentiate between keratoconic 
and normal eyes. However, to the best of the authors knowledge, no study to date has 
investigated (with the aid of both multivariate and univariate statistics) the short-term variation 
of keratometric behaviour, pachymetry and refractive state to use as a potential tool to 
differentiate between keratoconic and normal eyes.  
 
2.9 Overview of multivariate methods of analysis for dioptric power 
 2.9.1 Introduction 
Between the late seventies and eighties of the twentieth centuary a combination of efforts 
from Long (1976), Keating (1980, 1981 and 1983) and Harris (Harris, 1988a) led to the 
formalisation of a mathematically meaningful representation of dioptric power via the concept of 
a symmetric, square 2 × 2 matrix. Over 30-odd years, much work was done by Harris (1988-
2018) and others including Thibos and Horner, for example, to develop the original concept into 
what it is today. The matrix representation of dioptric power has enabled scientific methods of 
analysis to be conducted on critical optometric and ophthalmologic data. These include adding, 
averaging and squaring sphero-cylindrical powers in their entirety, calculating variances, 
standard deviations and a host of other multivariate statistical functions (Harris, 1988b) that were 
once thought to be impossible for such data (Saunders, 1985). These methods of analysing 
refractive and keratometric data have been used frequently and have been described in great 
detail elsewhere (for example, Harris, 1990-1993, 1997, 2000; Rubin, 1993; Cronje-Dunn, 1995; 
Du Toit, 2001; Gillan, 2004). For the purposes of this thesis, only that which were used in the 
analysis of results (Chapters 4 and 5) will be explained in this chapter and for a broader 
understanding of the multivariate methods for analysis of dioptric power, the interested reader is 
referred to the applicable references above.  
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2.9.2 The matrix representation of dioptric power 
 A m × n matrix (m rows by n columns) is a mathematical concept defined by a set of 
entries or elements placed in a specific arrangement. According to Harris (1988a) credit should 
go to H Fick (Blendowske, 2003) and WF Long who pioneered the idea that dioptric power 
could be expressed as a 2 × 2 matrix. For sphero-cylindrical power this 2 × 2 matrix is 
symmetric, that is, the off-diagonal entries are equal therefore, coincidently, there are only three 
distinct numbers just as there are three numbers (sphere, cylinder and axis) representing dioptric 
power in clinical notation. The unit of measurement of the dioptric power matrix is dioptres or 
inverse metres (m-1) whereas the unit of measurement for a sphero-cylinder is a combination of 
dioptres (for sphere and cylinder) and degrees (for axis). Consider the following 2 × 2 matrix: 
F = [ 
𝑓11 𝑓12
𝑓21 𝑓22
 ].        (2.1) 
The positions of the elements, or entries, are described by the subscripts. The first number in the 
subscript defines the row and the second number defines the column in which the element is 
positioned.  For example, 𝑓11 is the entry in row 1 and column 1, 𝑓21 is the entry in row 2 and 
column 1. Each entry in the dioptric power matrix represents a particular characteristic of the 
dioptric power from which it was converted. The entries 𝑓11 and 𝑓22 link back directly to the 
curvital power in the horizontal and vertical meridians respectively while 𝑓12, which for a 
symmetric matrix is equal to 𝑓21, represents the torsional component of refractive power (Harris, 
1988a, 1990b). 
A set of formulae, which were derived to convert sphero-cylindrical powers to a dioptric power 
matrix and vice versa are outlined below. Conversion from clinical notation (sphere, cylinder and 
axis) to matrix representation (Long, 1976): 
𝑓11 = Fs + Fc sin
2 a        (2.2) 
𝑓12 = 𝑓21 = – Fc sin a cos a       (2.3) 
𝑓22 = Fs + Fc cos
2 a        (2.4) 
where Fs is sphere (D), Fc is cylinder (D) and a or A is axis (degrees).  
Conversion from matrix representation to clinical notation (sphere, cylinder and axis) (Keating, 
1980): 
Fc = – √𝑡2  − 4𝑑        (2.5) 
Fs = (t – Fc) / 2         (2.6) 
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tan a = (Fs – 𝑓11) / 𝑓12        (2.7) 
where t is the trace and d is the determinant and are defined by 
t = 𝑓11+ 𝑓22 and        (2.8) 
d = 𝑓11𝑓22 – 𝑓12𝑓21        (2.9) 
respectively.  
The above representations and conversions work well for thin systems which meet the 
requirements when analysing clinical sphero-cylindrical data. Thick systems, for example, the 
power of the human eye, however, are more complicated and require a distinct fourth element in 
the 2 × 2 matrix thereby rendering it asymmetric. This matter is beyond the scope of this thesis 
and the interested reader is referred elsewhere (Keating, 1981; Harris, 1991b, 1993, 1997, 2000). 
With sphero-cylindrical power having a mathematical representation, any mathematical 
function possible with matrices is possible with refractive or keratometric data including 
calculating means and variances which are two paramount statistics when comparing samples of 
data and making inferences for populations (Harris, 1990a). All the statistical methods discussed 
in this chapter are based on the dioptric power matrix. WF Harris, DJ Malan (Malan, 1989, 1990, 
1993)  and A Rubin have all contributed to the development of statistical and software methods 
that were specifically designed to convert such data into matrix representations which could then 
be used for multivariate statistical analyses. For the purposes of this study, these methods were 
used to convert the raw keratometric data (radii of curvature along principal meridians) first into 
conventional powers using a nominal refractive index of 1.3375 and then into matrix 
representations. Refractive powers were also converted into matrices so that they could then be 
plotted in three-dimensional dioptric power space. Thereafter all the statistical functions and 
methods required to analyse the data were carried out on the matrix equivalents.  
 
2.9.3 Stereo-pair scatter plots 
Multivariate statistical analysis of dioptric power is based on assumptions such as 
normality and equality of variances and if these assumptions are violated for a particular sample 
then the inferences made on such data need to be treated with caution. However, if that data were 
to be represented graphically, then the statistical inferences could be validated and the 
conclusions drawn would be more meaningful (Harris, 1990e). Stereo-pair scatter plots provide a 
visual representation of dioptric power in its entirety and can be constructed without any 
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underlying assumptions thus providing graphical substantiation to all statistical assertions made 
in this study. For the purposes of this study, each point in a scatter plot represents one auto-
keratometric or auto-refractive reading that was converted from its sphero-cylindrical form to a 
matrix that is plotted in three dimensional Euclidean space. Thibos and others are using vectors 
to perform similar analyses but without stereo-pairs that enhance data visualisation and analysis.  
Work by Harris on representing dioptric power graphically evolved over the years to 
overcome shortcomings he found along the way (1990e, 1991a, 1997, 2000 and 2001). The 
outcome is the suggestion of a four dimensional space called dioptric power space, which is 
made up of sub-spaces of either symmetric or asymmetric dioptric power representing thin and 
thick optical systems respectively (Harris, 1991a, 1997). Symmetric dioptric power space is the 
three-dimensional sub-space, which represents sphero-cylindrical powers such as those analysed 
in this study and therefore asymmetric dioptric power space will not be further considered 
herein.    
 Harris (2000, 2001, 2005 and 2007) represents symmetric dioptric power as: 
F = FstI + ForJ + FobK (or = FII + FJJ + FKK)    (2.10) 
also written as 
F = Fst + For + Fob (or = FI + FJ + FK)     (2.11) 
or as a coordinate vector  
v = [
𝐹𝑠𝑡
𝐹𝑜𝑟
𝐹𝑜𝑏
] or  f = [
𝐹𝐼
𝐹𝐽
𝐹𝐾
]        (2.12) 
where I, J and K represent the basis matrices [
1 0
0 1
], [
1 0
0 −1
] and [
0 1
1 0
]  respectively and Fst 
(= FI), For (= FJ) and Fob (= FK) are scalars defined by: 
Fst = ½ (𝑓11+ 𝑓22) =  Fs + ½ Fc      (2.13) 
For  = ½ (𝑓11 – 𝑓22) =  – ½ Fc cos 2a      (2.14) 
Fob = ½ (𝑓21 +𝑓12 ) = – ½ Fc sin 2a.      (2.15) 
The unit of measurement for the scalars Fst, For  and Fob is dioptres, however, the matrices I, J 
and K do not have units. More recently FI, FJ and FK are used for Fst, For and Fob respectively. 
The scalar quantities here are the same as M, J0 and J45 of Thibos and others. 
FII, FJJ and FKK (or FI, FJ and FK respectively) are matrices that can be graphed along 
three mutually orthogonal axes (in three-dimensional dioptric power space), that is, axes along 
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which any dioptric power can be plotted. See Figure 4.1 (pages 37-42) for an example of stereo-
pairs. FII is the stigmatic axis and represents the stigmatic or spherical component of power. The 
plane orthogonal to the FII axis is the plane of all Jackson crossed cylinder (JCC) powers or 
symmetric antistigmatic powers. This plane comprises the ortho-antistigmatic powers (FJJ) with 
principal meridians along 0° and 180° and the oblique antistigmatic powers (FKK) with principal 
meridians along 45° and 135°. The antistigmatic plane in which the two antistigmatic axes are 
found contains all powers that are JCC. Variation in this plane represents variation in JCC 
powers, which is a type of astigmatic variation. More completely, however, astigmatic variation 
includes any variation in symmetric dioptric power space that excludes variation along the 
stigmatic axis only. Stereo-pair scatter plots presented in this thesis were generated by a 
programme that converted keratometric and refractive data from clinical sphero-cylindrical form 
to a matrix form that could be plotted on the axes described above.  
 
2.9.4 Means and variances and covariances of dioptric power 
 
 Adapted from Harris (1990e): the average of a sample of n powers Fi is given by: 
𝐅 = 
n
1


n
i 1
Fi         (2.16) 
The transpose of equation 2.12 is: 
vʹ = [𝐹𝑠𝑡 𝐹𝑜𝑟 𝐹𝑜𝑏] or fʹ = [𝐹𝐼 𝐹𝐽 𝐹𝐾]     (2.17) 
and therefore the mean coordinate vector can be given by: 
?̅? = 
n
1
 vi (or 𝐟 = 
n
1
 fi)      (2.18) 
and based on vector v the variance-covariance of dioptric  power is given by: 
S = 
1
1
n


n
i 1
(vi  – ?̅?)(vi  – ?̅?)ʹ  (or S = 
1
1
n


n
i 1
(fi  – 𝐟)̅(fi  – 𝐟)̅ʹ).  (2.19) 
According to Harris (1990a): “the mean is a value around which the sample clusters 
while the variance is a measure of the spread or dispersion of the cluster around the mean”. The 
mean and variance of a sample are statistical characteristics that are pertinent to finding 
correlations in data and drawing conclusions about the populations that the samples represent. 
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Harris (1988b, 1989b) discusses some of the methods that have been used in literature to average 
refractive error. He pointed out that while some of these methods led to the correct answer most 
times, there were instances when these methods were found to be incomplete or blatantly 
incorrect. An example of the naive mean was used to illustrate how analysis of data can be 
obscured (Harris, 1989b). The example provided by Harris is as follows: the naive mean 
(obtained by averaging each component of a sphero-cylindrical power individually) of 1 – 1 × 1 
and 1 – 1 × 179 was calculated to be  1 – 1 × 90 which was clearly wrong. With the use of 
matrices, (Keating, 1983; Harris, 1990e) an explicit method of finding the mean of refractive 
errors was developed (see equation 2.16). In this study the differences in mean keratometric and 
refractive measurements, taken in Session one and Session two, were calculated and represented 
graphically with the aid of comets. Comets are drawn from the mean of the first to the mean of 
the second set of measurements for each participant. The length and direction of the comet 
provides a visual perspective on the changes in keratometric behaviour and refractive state.  
 Saunders (1985) asserted that dioptric power could not be squared and hence the variance 
of a sample could not be calculated. Harris (1988b, 1988c, 1990c, 1990e) found this to be 
incorrect and showed for the first time that variance-covariance matrices could be calculated for 
dioptric power. Equation 2.19 calculates a symmetric 3 × 3 variance-covariance matrix with the 
unit D2: 
 
S = [
𝑆11 𝑆12 𝑆13
𝑆21 𝑆22 𝑆23
𝑆31 𝑆32 𝑆33
] D2. 
 
There are six distinct entries in this matrix that describe the variance-covariance of a 
sample. The diagonal entries 𝑆11, 𝑆22 and 𝑆33 characterises the variances of FI, FJ and FK or of 
f11, √2f21 and f22 respectively. In this thesis the former will be used and then the off-diagonal 
entries 𝑆12 = 𝑆21, 𝑆13 = 𝑆31 and 𝑆23 = 𝑆32 characterise the covariances between  FI and FJ, FK 
and FK and FJ and FK respectively. The variances and covariances across the meridians of one or 
more eyes can be graphically represented by means of a polar plot (Van Gool, 2000) and 
examples will be included in this thesis. Each set of keratometric (or refractive measurements) 
can be represented by a polar plot that contains two profiles: the curvital variance profile  𝑆11 
which is the only profile required to adequately describe the curvital nature of keratometric 
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variation across the meridians of the eye and the scaled torsional variance profile 𝑆22 which 
describes the torsional nature of keratometric variation across the meridians of the eye. Polar 
plots are discussed briefly in Chapter 4 but a detailed explanation can be found elsewhere (Van 
Gool, 2000).  
 
2.9.5 Ellipsoids  
An ellipsoid is a three dimensional equivalent of an ellipse. For the purposes of this study 
𝛼 = 0.05 therefore samples of keratometric data were used to generate 95% ellipsoids of constant 
probability density and 95% confidence ellipsoids. Other values can be used for 𝛼 which result 
in a size change, however, the shape and orientation of the ellipsoid are maintained. The 
principal diameters and principal radii of an ellipsoid are measured along its three mutually 
orthogonal principal axes. The direction of these axes provides useful information when making 
comparisons between samples or populations. Every ellipsoid has a centroid or centre (the 
sample mean). The position of the centroid is maintained regardless of the 𝛼 used (Harris, 1990e; 
Harris et al., 1991a).  
 
2.9.5.1 Ellipsoids of constant probability density 
 In multivariate statistics, analysis done on a random and normally distributed sample can 
be used to make inferences on the population from which the sample was taken. A sample of 
dioptric powers can be used to generate ellipsoids of constant probability density (also referred to 
as distribution ellipsoids) which provide a graphical representation of the spread of dioptric 
power in a sample. The size, shape and orientation of these distribution ellipsoids characterise 
the nature of the variation of the population and provide a visual aid in making comparisons 
between populations (Harris et al., 1991a). Chapters 4 and 5 include 95% distribution ellipsoids 
that were generated from the samples of keratometric or refractive measurements respectively. 
For each sample, it is expected that 95% of keratometric measurements from the population from 
which the sample was taken will lie within the respective distribution ellipsoid. These 
distribution ellipsoids provide a visual indication of the nature of the variation of the corneal 
curvature or refractive state within the sample and between samples. One is able to identify 
differences between eyes with KC and control eyes by comparing the size, shape and orientation 
of the distribution ellipsoids generated for different samples.  
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2.9.5.2 Confidence ellipsoids  
 While ellipsoids of constant probability density describe the distribution of the population 
of, for example, keratometric measurements, confidence ellipsoids are confidence regions 
centred on the sample mean (Harris, 1990e; Harris et al., 1991a). Confidence ellipsoids provide 
an estimation of the mean of the population. Therefore, in this study, one can assume at a 95% 
level of confidence that the mean of a particular population of keratometric (or refractive 
measurements) will lie within the respective 95% confidence ellipsoid. Confidence ellipsoids 
also demonstrate the accuracy of the mean, that is, the smaller the 95% confidence ellipsoid, the 
less variation is exhibited by the sample and the more confident one can be about the accuracy of 
the mean. If the confidence ellipsoids of two samples being compared do not intersect then one 
can argue at a known level of confidence (in this study a 95% level of confidence more 
specifically) that a change in mean did occur (Harris et al., 1991b). The opposite applies when 
the confidence ellipsoids do intersect.  
 
2.9.6 Multivariate hypothesis testing  
 Hypothesis testing forms an integral part of statistical analysis. It allows one to make 
assumptions at a certain level of confidence regarding a population. The multivariate test statistic 
w is a generalisation of the univariate t2 statistic. Details on these statistics and their respective 
definitions are provided elsewhere (Harris, 1990e). Hypothesis tests were conducted on the 
variance-covariances and means for all participants. The equality of variance-covariances and 
means for the keratometric (or refractive measurements) taken in Session one were tested against 
the variance-covariances and means for the keratometric and refractive measurements taken in 
Session two. For μv and Σvv representing the mean and the variance-covariances of the sample of 
keratometric and refractive data the hypothesis tests are as follows (taken from Harris 1990e, 
1992b). 
For testing means the null hypothesis 
H0: μv = 𝛍𝐯
 0 
is tested against the alternative hypothesis 
 H1: μv ≠ 𝛍𝐯
 0  
and the test statistic is given by  
w = (?̅? – 𝛍𝐯
 0)ʹ 𝐒𝐯𝐯
– 1(?̅? – 𝛍𝐯
 0)n(n – m) / (m(n – 1)).    (2.20) 
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The null hypothesis is rejected if the test statistic is greater than or equal to the critical value, that 
is, 
w ≥ F α, m, n – m  
in which F is found in Snedecor’s F-distribution chart by α, m and n – m which represent the 
level of significance, degrees of freedom in the numerator and degrees of freedom in the 
denominator respectively. For this study α = 0.05, m = 3 and n – m = 76 which resulted in F = 
2.725. 
For testing variance-covariances the null hypothesis 
H0: Σ = Σ0 
is tested against the alternative hypothesis 
 H1: Σ ≠ Σ0 
and the test statistic is given by  
L = (N – 1 ∙ {log(detΣ0) – log(detS) + tr(SΣ0– 1 ) – p}.   (2.21) 
The null hypothesis is rejected if the test statistic is greater than the critical value, that is, 
L > χ2 α, p(p + 1)/2  
where χ2 can be found in the Chi square distribution table. For this study α = 0.05 and the critical 
value is 12.592. 
The underlying assumption when conducting hypothesis tests on means is that Σ = Σ0. An 
adequate alternative for cases where Σ ≠ Σ0 has not been found and this is referred to as the 
Behrens-Fisher problem (Harris, 1992b). 
 
2.9.7 Multivariate normality  
Multivariate statistical analysis is generally based on the assumptions of random selection 
and multivariate normality of samples. Multivariate normality is modelled with respect to the 
bell-shaped curve and the associated assumptions that the distribution is continuous, perfectly 
symmetrical, unskewed and mesokurtic and that the mean, median and mode are all equal (Hair 
et al., 2010).  Due to the nature of sphero-cylindrical data one or more of these underlying 
assumptions are not always met. While the solution to the problem has not yet been discovered 
and therefore cannot be circumvented, one continues with the statistical analysis and is prudent 
with the interpretation of the results.  
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Multivariate normality was investigated in this thesis with the aid of various tools such as 
skewness and kurtosis, identification of possible outliers (using Mahalanobis distance) and the 
comparison of means and medians of the samples. An online statistical tool, WebPower 
statistical power analysis online (Zhang and Yuan, 2018), was used to calculate the skewness and 
kurtosis for multivariate samples (here CCP and auto-refraction). The developers of this 
programme discuss how the calculations are done to arrive at a b-value, z-value and an 
associated p-value for skewness and kurtosis. The details thereof are beyond the scope of this 
thesis and the interested reader is referred to Cain et al., 2017. Possible outliers are assumed 
irregularities in the sample and may be subjectively identified as one or more data points that 
appear to be far removed from the cluster of data. The Mahalanobis distance is an objective 
method to quantify the distance so that one can identify these possible outliers more accurately. 
The Mahalanobis distances were calculated for all multivariate samples and an example of the 
graph generated is provided below (Figure 2.1). Kolomogorov-Smirnov, Lilliefors and Shapiro-
Wilk tests were used to test the normality of univariate samples (pachymetry). The results for 
these various tests are provided in the specific sections to follow. 
 
 
Figure 2.1. The Mahalanobis distances for central corneal power (CCP) for Session one (for the 
most severely affected eye with KC, k22). None of the 40 measurements reach the critical 
distance (or percentage) that would imply possible outliers (≤ 90%). Similar results were found 
for all samples of CCP and auto-refraction. 
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CHAPTER 3: EXPERIMENTAL METHODS 
 
3.1 Study design 
This was a non-randomised prospective observational and quantitative study. 
 
3.2 Study setting 
The study took place at the Department of Optometry at the University of Johannesburg, 
Doornfontein campus. The specialty contact lens clinic within the department attracts many 
keratoconic patients from all areas of Johannesburg and many of the public hospitals refer their 
patients with KC to the campus clinic for contact lenses. Control subjects were recruited via 
convenience sampling from the optometry department’s student body.  
 
3.3 Study sample 
The research sample consisted of 18 keratoconic participants (28 eyes with KC) and 28 
healthy control participants. The Kolmogorov-Smirnov test indicated that age data was normally 
distributed for both the KC group (d=0.213, p>0.20) and the control group (d=0.180, p>0.20). 
The mean age (standard deviation) was 24.1 years (± 5.2 years) and 23.2 years (±1.2 years) for 
KC and control participants respectively. The student t-test showed that there was no significant 
difference between the mean age of the two groups (t=0.884, p=0.382). Participant selection was 
not dependant on ethnicity nor gender. All patients that attend the specialty contact lens clinic 
and had been diagnosed with KC by the results of routine preliminary tests (such as slitlamp and 
corneal topography) were invited to participate in this study. Control participants were made up 
of optometry students. All participants were briefed (Appendix 1.1, page 195) on the study and 
provided informed consent (Appendix 1.2, page 197). Due to the difficulty in obtaining 
measurements on eyes with KC it was necessary to measure both eyes (where possible) to collect 
as much data as possible in the short period available for data collection.  
 
3.4 Instruments 
 The Oculus Pentacam 70700 was used to acquire keratometric and pachymetry 
measurements and auto-refractive measurements were acquired with the Nidek auto-
refractometer ARK-700.  
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3.4.1 The Oculus Pentacam 70700  
The Pentacam is an anterior eye segment tomographer based on Scheimpflug imaging. It 
is a dual digital CCD camera system with a UV-free blue LED light source. One camera is 
stationary and is centred on the pupil to aid fixation and track eye movements and the other 
camera rotates 360 degrees taking up to 50 slit images (basic model) in less than two seconds. 
Data for the whole cornea including both anterior and posterior surfaces is acquired from 
approximately 138 000 true elevation points (Jain, 2009; Pentacam manual). Any eye 
movements detected with the stationary camera are taken into account when the software 
analyses the data. The Pentacam is a versatile instrument that provides information on the cornea 
and anterior chamber which makes it useful for the detection and tracking of corneal and other 
anomalies such as glaucoma. 
 The procedure for taking measurements was done according to the Pentacam’s user 
manual and after each consecutive measurement the participant was asked to sit back while the 
instrument was processing to allow for re-alignment before the next measurement was taken. 
Each measuring session lasted approximately 20-40 minutes (capturing measurements from KC 
participants generally took longer than for the control participants).  
 
3.4.2 The auto-refractometer: Nidek ARK-700 
The Nidek ARK-700 was used to obtain only the automatic refractive measurements used 
in this thesis. Measurements are achieved by projecting four infra-red light sources (two in the 
horizontal meridian and two in the vertical meridian) onto the cornea and obtaining information 
about the position of at least three of the projected images. This instrument has built-in 
mechanisms to overcome erroneous readings derived from small eye movements. On the 
operator’s side the auto-refractometer has a joy stick to manoeuvre the instrument and a monitor 
which displays the patient’s eye, mire ring, target, minimum pupil mark, refractive measurement 
and so on. The target is used as a guide to position the patient’s eye in the middle of the monitor 
screen. The mire ring, which should be in focus when the measurement is taken, is placed 
concentric with the target. It is possible to examine the corneal shape when the mire is projected 
on the cornea. The minimum pupil mark provides a guide as to the minimum pupil size that can 
be measured and if the eye is smaller than this mark or if there is some sort of obstruction then 
the measurement will not be taken.   
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Taking measurements with the Nidek auto- refractometer was simple and swift. The 
patient’s side of the instrument has a measuring window, chin rest and forehead rest. The patient 
was required to look through the measuring window and focus on the instrument target (a hot air 
balloon). The operator (the researcher) then manoeuvred the joystick to place the patient’s eye on 
the screen, place the mire ring concentric with the target and focus the mire ring until it was at its 
thinnest. Only then could the button be pressed to obtain a measurement. If there was any 
obstruction in the minimum pupil mark, error in alignment or blinking (at the same time the 
button was being depressed) then the instrument would give an error reading and the 
measurement was taken again.  
 
3.5 Data collection  
The data collection for the study is best described in stages: 
Stage 1: The selection process: participants were required to read and complete information and 
consent forms (see Appendices 1.1 and 1.2 on pages 195-197) and a basic questionnaire 
(Appendix 1.3, page 198). Thereafter all participants underwent preliminary testing (topography, 
slitlamp, ophthalmoscopy and auto-refraction) which were used to determine which prospective 
participants would be excluded from the study. Exclusion criteria were: current or recent contact 
lens wear, ocular pathology other than KC, recent eye surgery or any medication with 
ophthalmic side effects. The same exclusion criteria, as well as no ocular pathology, were 
applicable for control participants. Keratoconic participants with severely distorted corneas were 
also excluded because measurements could not be acquired on these patients.  
Stage 2: Measurements were taken (Session one) on both eyes in the KC group. Due to 
the disparate nature of KC between the right and left eye of a participant, it was decided to use 
data from both eyes where possible. McAlinden et al. (2011) agree that it is unlikely that issues 
of laterality will affect the analysis of data for eyes with KC. Forty consecutive auto-refractive 
measurements and 40 consecutive Pentacam measurements were obtained over short time 
periods as a first set of measurements during Session one. Only the right eye of each participant 
in the control group was measured similarly. The left eye for controls was not used to avoid 
issues of laterality.    
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Stage 3: Approximately one week later the second set of 40 auto-refractive and 40 
Pentacam measurements were taken (as discussed above) on all participants that were available 
for Session two. Ambient lighting was similar to that for Session one.  
Stage 4: All data collected were analysed using a combination of multivariate and 
univariate methods. 
 
3.6 Data analysis 
As previously mentioned studies of this nature have been done before, however, the 
keratometric and refractive data obtained from such studies were not analysed using the types of 
methods that will be used in this thesis.  
The data obtained were analysed using multivariate statistical methods in an effort to 
better understand and interpret keratometric and refractive measurements holistically. This study 
made use of software (based on Matlab) that has been specifically designed for calculations 
involving dioptric power. Statistica (Tibco, version 13.3) was used for univariate analyses.  
 
3.7 Ethical considerations 
This study was approved by the Higher Degrees Committee and received ethical 
clearance from the Ethics Committee of the Faculty of Health Sciences of the University of 
Johannesburg (ethical clearance number: REC-241112-035). During the selection process 
information regarding all aspects of the project was conveyed in English verbally and in writing 
(Appendix 1.1) to all participants. During the course of this project, the research protocol was 
strictly adhered to and professional standards were maintained at all times. Appendix 1.1 (that 
includes the research goals and possible benefits and risks) ensured that the volunteers were 
aware of all aspects of the project. A consent form (Appendix 1.2) was also prepared to assure 
the participant that involvement in the project was purely on a voluntary basis and the participant 
could withdraw at any time without any penalty or adverse consequence. Participants were also 
guaranteed confidentiality (only the researcher had access to personal information obtained from 
Appendix 1). The study included non-invasive procedures, however, multiple measurements 
taken with the two instruments may have possibly caused some fatigue and/or discomfort but 
there was no risk of injury. These procedures were not expected to produce any harmful long 
lasting side effects and recovery from fatigue and/or discomfort was swift. 
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CHAPTER 4: MULTIVARIATE ANALYSIS OF KERATOMETRIC BEHAVIOUR  
 
Keratometric behaviour can be described as the overall change in an individual’s 
keratometric or anterior corneal state over time which is influenced by known and unknown 
factors, both of which cause continuous fluctuations in the corneal curvature (adapted from 
Rubin, 1993). This chapter provides the results for the short-term variation in CCP or central 
corneal power (which is analogous to central anterior corneal power as measured by the Oculus 
Pentacam) for KC and control participants. Central corneal power or CCP is derived from the 
principal radii of curvature and their corresponding principal meridians. For simplicity, central 
corneal power will be referred to as CCP further in the text. Intra-session (one measurement 
session) and inter-session (two measuring sessions) variation is analysed for both test groups. 
Demographics for measuring Sessions one and two are provided accordingly in Tables 4.1 and 
4.8 respectively.    
Chapter 2 briefly outlined the usefulness of stereo-pair scatter plots as a graphical tool to 
understand research data both quantitatively and qualitatively. Each participant in this study had 
to undergo at least one measuring session (Session one) and 16 eyes from each test group were 
measured again approximately one week later (Session two).  
Each stereo-pair generated represents the 40 keratometric measurements taken with the 
Oculus Pentacam. Each dot on the stereo-pair is an actual representation of the central 
keratometric measurement that is transformed into sphere, cylinder and axis so that all three 
components are included in the analysis. These stereo-pairs also include the corresponding 95% 
distribution ellipsoids. All the scatter plots that follow share the same axis length (2 D) and tick 
interval (1I, 1J and 1K D or simply 1 D) unless otherwise stated. Although this scale is not 
always suitable for the control subjects, it nevertheless allows for a direct visual comparison 
between the two groups. All stereo-pairs for controls presented within the text are also included 
in Appendix 3 (page 208 onwards) at a larger scale for improved clarity.  The origins vary and 
are specified in Tables 4.2 (page 43) and 4.3 (page 50) for each scatter plot. To appreciate the 
three dimensional nature of the data in the stereo-pairs, one is required to let one’s eyes drift into 
an exo-position. This may be easier to view on the larger stereo-pairs provided in Appendix 3 as 
those provided in the text (page 37, for example) have been reduced in size to allow comparisons 
to be more easily made.  
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Normality for CCP data were evaluated with the use of skewness and kurtosis and a 
direct comparison of the means and medians (Appendix 2). Some of the samples in both KC 
(Appendix 2.1) and control groups (Appendix 2.2) have p-values less than 0.05 and are therefore 
not normally distributed. As mentioned earlier for dioptric power there is no simple ‘non-
parametric’ alternative to multivariate methods of analysis, however, one continues with the 
analysis while bearing this in mind. Although this chapter deals primarily with the multivariate 
analysis of keratometric behaviour, it is useful in places to include some univariate analysis to 
further substantiate certain findings (Figures 4.4 and 4.5 and Tables 4.4 and 4.5). 
 
4.1 Intra-session: central corneal power  
 
Table 4.1. Demographic information for eyes analysed in Session one for CCP. 
 
Group Number of 
participants 
Mean age (years) Number of eyes Male / Female Right / Left 
Keratoconus  18 24.1 (range 18-34) 28 5 / 13 14 / 14 
Control 28 23.2 (range 21-26) 28 9 / 19 28 / 0 
 
4.1.1 Stereo-pair scatter plots with 95% distribution ellipsoids 
 The objective of the first measuring session is to compare the intra-subject variation 
between the two test groups, namely the KC group and the control group. Figures 4.1 and 4.3 
below represent the three dimensional stereo-pair scatter plots (with 95% distribution ellipsoids) 
for all 28 KC and 28 control eyes that were measured for Session one respectively. As mentioned 
above all scatter plots have the same axis length of 2 D and tick interval of 1 D. The origin for 
each scatter plot is placed at the applicable mean of the sample concerned, which can be found in 
Table 4.2 (page 43) and 4.3 (page 50) for eyes with KC and control eyes respectively. The short-
term variation of CCP is evaluated based on the spread of data points as well as the size, shape 
and orientation of the distribution ellipsoids. Due to the large differences in means across 
different eyes with KC it is necessary to group them according to severity for certain 
comparisons to be made as discussed below. The well-known CLEK method (Zadnik et al., 
1998) was used to grade severity. Eleven eyes with KC, namely, k2, k4, k5, k10, k13, k15, k18, 
k21, k22, k25 and k28 had steep keratometry measurements greater than 52 D and were therefore 
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graded as severe. All other eyes with KC had steep keratometry measurements less than or equal 
to 52 D and were thus graded as moderate.  
As can be seen in Figure 4.1, 10 out of 28 eyes with KC (k2, k4, k5, k12, k13, k15, k21, 
k22, k24 and k25) show large amounts of variation as is evident by the loosely dispersed data 
points and large distribution ellipsoids whereas the remaining 18 eyes with KC show slightly 
tighter clusters of data that are centred around their respective means. The orientations of 
ellipsoids vary quite considerably; note the directions of the longest principal axes that are very 
variable.  Predominantly stigmatic (spherical) variation is noted in six eyes with KC (k2, k3, k6, 
k8, k11 and k13). Three eyes with KC (k4, k7 and k27) have rounder distribution ellipsoids, 
which indicates almost equal amounts of stigmatic and antistigmatic variation. The majority of 
KC (19 out of 28 eyes) eyes show predominantly astigmatic or antistigmatic variation but with 
some stigmatic variation. The largest ellipsoid is noted for k22 (Table 4.2, distribution ellipsoid 
volume for this eye was 7.369 D3 or approximately 7.4 D3) which also happens to be the eye 
with most severe KC in the group. The smallest volume (0.217 D3) was for k27 and this was 
almost 34 times smaller than for k22. Rotated scatter plots (for k22) in Figure 4.2 provides a 
view down the stigmatic axis (a) (to view the J-K or antistigmatic plane) and down the oblique 
antistigmatic axis (b) (to view the spread along FI I). There is approximately 2 D antistigmatic 
and 1 D stigmatic variation observable in Figures 4.2(a) and 4.2(b) respectively. 
On comparison of Figures 4.1 and 4.3, one can note an obvious distinction between the 
keratometric behaviour of eyes with KC and control eyes. The data points all cluster relatively 
tightly around their respective means for each of the 28 control eyes, some more so than others. 
Control eyes c12, c15 and c23 have slightly looser clusters of data, however, the spread of the 
points are still much less than the spread of points in eyes with KC.  
On closer inspection of the control scatter plots in Appendix 3 (which are generated at a 
more appropriate scale) one would notice that in contrast to eyes with KC, most of the control 
(15 out of 28 eyes) eyes exhibit predominantly stigmatic variation. Predominantly antistigmatic 
variation is noted in six control eyes (c6, c9, c12, c20, c25 and c26) and rounder ellipsoids which 
indicate both stigmatic and antistigmatic variation is noted in seven eyes (c1, c4, c5, c10, c11, 
c13 and c28).  
Figure 4.4 (page 51) provides a visual representation of the volumes of the 95% 
distribution ellipsoids. The volumes (included in Table 4.2, page 43) are mapped on the graph 
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according to the severity of the eyes with KC for the KC group and represented in blue. The 
distribution ellipsoid volumes for the control group (Table 4.3, page 50) are mapped on the same 
plot in red for direct comparison. It would appear that in general, the greater the severity of KC, 
the larger the volume of the distribution ellipsoid and hence the greater the short-term variation 
in keratometric behaviour. It is also clear that the control eyes generally exhibit smaller volumes 
and much less short-term variation in keratometric behaviour than for eyes with KC. Table 4.4 
(page 51) contains the descriptive statistics for this plot.  
Figure 4.5 (page 52) represents the box-and-whisker plots for 95% distribution ellipsoid 
volumes for eyes with KC classified as severe (n=11), moderate (n=17) as well as the control 
(n=28) eyes. The distribution ellipsoid volumes for each KC and control eye are provided in 
Tables 4.2 and 4.3 respectively. The box-and-whisker plots represents the medians and inter-
quartile ranges. The Shapiro-Wilks test gave p-values of 0.043, 0.00004 and 0.0023 for the 
severe KC, moderate KC and control groups respectively all of which are less than the alpha 
level of 0.05 and samples therefore are not normally distributed. The descriptive statistics for this 
plot are summarised in Table 4.5 (page 52).  Figure 4.5 also indicates that the greater the severity 
of KC, the greater the variation of anterior central corneal keratometric behaviour (CCP) and the 
greater the median volume. 
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Figure 4.1 Stereo-pair scatter plots with 95% distribution ellipsoids for the 28 eyes with KC analysed in 
Session one for anterior central corneal keratometry (CCP). The origin is placed at the mean of the sample 
for each eye and is provided in Table 4.2 below. 
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(a)  
 
(b) 
 
Figure 4.2. Rotated stereo-pair scatter plots for k22 viewing down the stigmatic axis (a) and down the 
oblique-antistigmatic axis (b) for CCP. The origin is placed at the mean of the sample as provided in 
Table 4.2 in both conventional and scientific notation. 
 
Table 4.2. Statistical variables (means in both conventional (Fs Fc A) and scientific notation and 
distribution ellipsoid volumes) for 28 eyes with KC measured in Session one for CCP. Volumes ranged 
from 0.217 to 7.369 D3. The maximum volume (indicated in red) was almost 34 times larger than the 
minimum volume (indicated in blue). Means for distribution ellipsoid volumes for these eyes and also the 
controls are provided in Table 4.4, page 51. 
 Means                      Distribution ellipsoids (95%) 
Eye Conventional (D, D, °) Scientific notation (D) Volumes (D3) 
1 49.51   −3.98 × 127 47.51I −0.57J −1.91K 0.365 
2 53.63   −4.16 × 119 51.55I −1.08J −1.77K 4.692 
3 43.51   −1.11 ×   91 42.95I −0.56J −0.02K 0.330 
4 56.97   −3.72 × 104 55.11I −1.65J −0.85K 2.324 
5 58.39   −4.81 ×   89 55.98I −2.40J   0.12K 2.207 
6 50.79   −6.29 × 107 47.65I −2.63J −1.72K 0.408 
7 50.99   −5.87 ×   76 48.05I −2.58J +1.40K 0.897 
8 48.83   −3.41 ×   89 47.12I −1.70J +0.03K 0.718 
9 49.87   −4.70 × 114 47.51I −1.56J −1.76K 0.581 
10 56.53   −5.58 × 117 53.74I −1.64J −2.25K 0.380 
11 51.29   −6.50 × 104 48.04I −2.85J −1.57K 1.527 
12 51.74   −6.41 ×   84 48.53I −3.15J +0.62K 3.060 
13 54.19   −2.52 ×   94 52.93I −1.25J −0.16K 2.046 
14 49.46   −5.41 × 106 46.75I −2.28J −1.45K 0.510 
15 55.97 −10.07 ×   75 50.94I −4.33J +2.56K 1.910 
16 51.69   −4.06 ×   71 49.66I −1.61J +1.23K 1.222 
17 50.14   −5.50 ×   96 47.39I −2.68J −0.61K 0.257 
18 55.74   −4.45 ×   66 53.52I −1.50J +1.65K 1.234 
19 49.99   −4.42 × 106 47.78I −1.89J −1.14K 0.701 
20 49.79   −4.23 ×   75 47.68I −1.82J +1.07K 0.478 
21 55.28   −8.29 ×   96 51.13I −4.06J −0.83K 2.591 
22 60.01   −7.84 ×   81 56.09I −3.71J +1.27K 7.369 
23 46.30   −2.01 × 120 45.29I −0.51J −0.87K 0.376 
24 49.92   −2.96 ×   54 48.44I −0.48J +1.40K 4.306 
25 54.72   −0.92 ×   74 54.27I −0.39J +0.24K 3.287 
26 48.64   −2.08 × 114 47.59I −0.70J −0.77K 0.268 
27 50.41   −2.57 ×   72 49.13I −1.04J +0.76K 0.217 
28 58.13   −3.98 ×   77 56.14I −1.78J +0.89K 1.621 
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Figure 4.3. Stereo-pair scatter plots with 95% distribution ellipsoids for the 28 control eyes analysed in 
Session one for anterior central corneal keratometry (CCP). All eyes are right eyes. The origin for each 
stereo-pair is placed at the sample mean and is provided in Table 4.3 below. These stereo-pairs are 
repeated in Appendix 3.1 at a more appropriate scale for easier visualisation of variation for the samples 
concerned. The scale here, however, facilitates comparisons with the eyes with KC in Figure 4.1 (pages 
37-42). 
 
 
 
 
 
 
50 
 
Table 4.3. Statistical variables (means in both conventional (Fs Fc A) and scientific notation and 
distribution ellipsoid volumes) for 28 control eyes measured in Session one for CCP. Volumes ranged 
from 0.030 to 0.168 D3. The maximum volume (indicated in red) was almost 5.6 times larger than the 
minimum value (indicated in blue). Means for distribution ellipsoid volumes are provided in Table 4.4, 
page 51. 
 Means                      Distribution ellipsoids (95%) 
Eye Conventional (D, D, °) Scientific notation (D) Volumes (D3) 
1 44.24 −0.81 × 111 43.83I −0.31J −0.27K 0.063 
2 45.63 −1.16 ×   95 45.05I −0.57J −0.09K 0.048 
3 40.93 −0.51 × 135 40.68I −0.00J −0.25K 0.031 
4 41.47 −0.36 ×   86 41.28I −0.18J +0.02K 0.070 
5 39.74 −0.52 × 102 39.48I −0.24J −0.10K 0.071 
6 44.77 −1.09 ×   91 44.23I −0.54J −0.03K 0.034 
7 42.42 −0.45 × 112 42.20I −0.16J −0.16K 0.065 
8 41.68 −1.22 ×   89 41.07I −0.61J +0.02K 0.046 
9 42.84 −0.66 × 104 42.51I −0.29J −0.15K 0.040 
10 40.51 −0.46 ×   88 40.28I −0.23J +0.02K 0.041 
11 44.37 −0.45 × 113 44.14I −0.16J −0.16K 0.033 
12 42.43 −0.80 ×   96 42.03I −0.39J −0.08K 0.101 
13 43.76 −0.86 ×   90 43.33I −0.43J −0.01K 0.038 
14 43.10 −0.66 ×   99 42.76I −0.31J −0.11K 0.037 
15 41.01 −0.52 ×   96 40.75I −0.26J −0.05K 0.168 
16 41.44 −0.29 ×   90 41.30I −0.14J +0.00K 0.031 
17 40.79 −1.33 × 101 40.12I −0.62J −0.24K 0.046 
18 43.37 −1.49 ×   84 42.63I −0.73J +0.15K 0.049 
19 41.97 −0.25 × 177 41.85I   0.12J −0.01K 0.030 
20 44.02 −1.09 ×    5 43.47I   0.54J +0.10K 0.079 
21 44.22 −0.23 × 126 44.10I −0.03J −0.11K 0.063 
22 44.15 −0.30 × 127 44.00I −0.04J −0.14K 0.096 
23 45.82 −1.69 × 101 44.97I −0.79J −0.31K 0.105 
24 42.15 −0.81 × 117 41.75I −0.24J −0.33K 0.044 
25 44.14 −0.19 × 110 44.05I −0.07J −0.06K 0.061 
26 45.33 −1.47 ×   90 44.59I −0.73J +0.01K 0.055 
27 45.45 −1.09 ×   99 44.90I −0.52J −0.17K 0.036 
28 43.94 −0.76 ×   95 43.56I −0.38J −0.07K 0.082 
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Anterior central corneal keratometry: 
95% distribution ellipsoid volumes
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Figure 4.4. Line plots for the 95% distribution ellipsoid volumes (D3) for CCP ranked from most severe 
(k22) to mildest KC eye (k3). Note the eye number on the x-axis only corresponds to the control eye 
numbers and not to the KC eye numbers as those have been ranked according to severity. 
 
Table 4.4. Descriptive statistics for the line plots of 95% distribution ellipsoid volumes for CCP for 28 
KC and 28 control eyes. Note quartile deviation is half the inter-quartile range. Units are D3 throughout.  
 
Group Means Standard deviations Medians Quartile deviations 
KC  1.639 1.679 1.060 0.936 
Controls 0.059 0.030 0.049 0.017 
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Figure 4.5. Box-and-whisker plots for 95% distribution ellipsoid volumes for severe KC (n=11), 
moderate KC (n=17) and control (n=28) eyes for CCP.  
 
Table 4.5. Descriptive statistics for the box-and-whisker plots for 95% distribution ellipsoid volumes for 
severe KC (n=11), moderate KC (n=17) and control (n=28) eyes for CCP. Units are D3 throughout. 
 
 Means Standard 
deviations 
Medians Quartile 
deviations 
Minima Maxima 
Severe 2.696 1.904 2.207 0.833 0.380 7.369 
Moderate 0.954 1.108 0.510 0.266 0.217 4.306 
Control 0.059 0.030 0.049 0.017 0.030 0.168 
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4.1.2 Variances 
Variances (see pages 24-25) extracted from the variance-covariance matrix generated for 
each of the 28 KC and 28 control eyes are provided in Table 4.6 (page 54). These variances, that 
is, S11, S22 and S33 relate to the stigmatic and two antistigmatic (ortho and oblique) variances 
respectively. The larger the value for a variance the greater the sample variation along the axis 
concerned. Thus, k2 had the largest variance (0.1743 D2) along the stigmatic axis (see page 37 in 
Figure 4.1 also) whereas k22 had both the largest ortho-antistigmatic (0.1552 D2) and oblique 
antistigmatic (0.1285 D2) variances. In Figure 4.1 for k22 we can observe that the longest 
principal axis for the ellipsoid is not coincident with either antistigmatic axis. We can also 
express these variances as standard deviations by taking the square roots of the values concerned. 
The unit would then be D rather than D2. The box plots below (Figures 4.6 and 4.7, page 55) are 
generated with the data from Table 4.6 and descriptive statistics are presented in Table 4.7, page 
56. Based on the Shapiro-Wilk test the data are not normally distributed, therefore these plots 
display the medians and inter-quartile ranges rather than means and standard deviations. Figure 
4.6 represents the variation for the KC group. There appears to be similar amounts of stigmatic 
and antistigmatic variation in eyes with KC whereas in Figure 4.7 (control eyes) there is more 
variation in SII, which relates to stigmatic variation. The findings from these plots further 
substantiates that in contrast to control eyes, eyes with KC experience greater amounts of 
variation in general but more notably, greater amounts of antistigmatic variation as well.      
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Table 4.6. Variances (D2) extracted from the variance-covariance matrices for CCP for 28 KC and 28 
control eyes for Session one where SII, SJJ, SKK relate to the variances with respect to the stigmatic and 
antistigmatic axes respectively. Maximum and minimum variances for each column are indicated in red 
and blue respectively. So, SII ranged from 0.0066 to 0.1743 D2 in KC with the standard deviations ranging 
from 0.08 to 0.42 D. For controls, SII ranged from 0.0025 to 0.0142 D2 in KC with the standard deviations 
ranging from 0.05 to 0.12 D. QD is the quartile deviations. 
 
Eye Keratoconus group Control group 
 SII SJJ SKK SII SJJ SKK 
1  0.0106  0.0369  0.0067  0.0067  0.0038       0.0028 
2  0.1743  0.0617  0.0347  0.0081       0.0027       0.0019 
3  0.0256  0.0091  0.0096  0.0033       0.0033       0.0014 
4  0.0380  0.0370       0.0698  0.0070       0.0033       0.0034 
5  0.0288  0.0827  0.0473  0.0054  0.0032  0.0044 
6  0.0153  0.0264  0.0105  0.0025  0.0024       0.0029 
7  0.0198       0.0203       0.0304  0.0054  0.0031  0.0045 
8  0.0241  0.0295  0.0139  0.0039       0.0024       0.0038 
9  0.0165  0.0145  0.0254  0.0044  0.0020  0.0033 
10  0.0097       0.0146       0.0208  0.0043       0.0016       0.0041 
11  0.0266       0.0475       0.0407  0.0032  0.0027  0.0025 
12  0.0496  0.0722       0.1008  0.0054       0.0046       0.0075 
13  0.1051  0.0515       0.0306  0.0031       0.0021       0.0037 
14  0.0086       0.0147       0.0326  0.0039       0.0024       0.0025 
15  0.0242       0.0418       0.0768  0.0142  0.0059  0.0053 
16  0.0153       0.0306       0.0519  0.0030  0.0023  0.0023 
17  0.0085       0.0127       0.0145  0.0048       0.0030  0.0028 
18  0.0280       0.0430       0.0206  0.0064    0.0020  0.0032 
19  0.0196       0.0274       0.0176  0.0043  0.0019  0.0018 
20  0.0126       0.0143       0.0191  0.0049  0.0036  0.0058 
21  0.0428       0.0729       0.0385  0.0067  0.0050  0.0029 
22  0.0578       0.1552       0.1285  0.0071  0.0057  0.0034 
23  0.0158       0.0151       0.0106  0.0106  0.0047  0.0053 
24  0.1234  0.0335       0.0987  0.0046  0.0023  0.0029 
25  0.1212  0.0851       0.0308  0.0070  0.0046  0.0025 
26  0.0130       0.0086       0.0119  0.0041  0.0033  0.0048 
27  0.0066       0.0110       0.0117  0.0043  0.0034  0.0021 
28  0.0427       0.0336       0.0401  0.0077  0.0058  0.0035 
Medians  0.0242  0.0321  0.0305  0.0049  0.0032  0.0033 
(QD) (0.0143) (0.0174) (0.0149) (0.0014) (0.0009) (0.0009) 
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Figure 4.6. Box-and-whisker plots for stigmatic and antistigmatic variances of CCP of 28 eyes with KC 
measured in Session one. The Kruskal-Wallis test (non-parametric ANOVA) indicated that medians were 
not statistically different from each other (H (2, N= 84) =0.813, p=0.666). 
 
 
 
Figure 4.7. Box-and-whisker plots for stigmatic and antistigmatic variances of CCP of 28 control eyes 
measured in Session one. When comparing Figures 4.6 and 4.7, note the differences in scales along the y-
axes. Variances are much smaller for the controls despite the box plots looking similar above. The 
Kruskal-Wallis test indicated that medians were statistically different from each other (H (2, N= 84) = 
21.172, p=0.000). The post-hoc multiple comparisons test revealed that while the median of the stigmatic 
variance was statistically different from the other two medians, the ortho-antistigmatic and oblique 
antistigmatic medians were not statistically different from each other. 
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Table 4.7. Descriptive statistics for the box-and-whisker plots for stigmatic and antistigmatic variances of 
CCP of the 28 KC and 28 control eyes measured in Session one. Units are D2 throughout. 
 
Groups Means Standard 
deviations 
Medians Quartile 
deviations 
Minima Maxima 
KC        
SII 0.039 0.042 0.024 0.014 0.007 0.174 
SJJ 0.039 0.032 0.032 0.017 0.009 0.155 
SKK 0.037 0.031 0.031 0.015 0.007 0.129 
       
Control        
SII 0.006 0.003 0.005 0.001 0.003 0.014 
SJJ 0.003 0.001 0.003 0.001 0.002 0.006 
SKK 0.003 0.001 0.003 0.001 0.001 0.008 
 
4.1.3 Polar profiles of variance-covariance 
The variances and covariances across the meridians of the eye can be graphically represented 
by means of a polar profile (see Figure 4.8, page 58) in which the reference meridian θ is from 0 
to 180° measured in an anticlockwise direction from the horizontal meridian. The solid line in 
the plot represents the curvital variance profile 𝑆11, which is the only profile, required to 
adequately describe the curvital nature of keratometric variation across the meridians of the eye. 
The curvital variance profile is accompanied by the scaled torsional variance profile 𝑆22 (the 
dashed line in the plot) which describes the torsional nature of keratometric variation across the 
meridians of the eye and makes the nature of keratometric variation easier to visualise and 
quantify. 
If variation is purely stigmatic (spherical) then the scaled torsional variance profile (𝑆22) will 
be reduced to a point at the origin of the polar plot and the curvital variance profile becomes a 
semi-circle of constant radius. When variation is uniform across all meridians of the eye both 
profiles take on a semi-circular shape. If variation is non-uniform then profiles depart from the 
semi-circular pattern. The torsional variance profile often assumes the shape of a pair of “rabbit 
ears” as described by Van Gool (2000) and seen in Figure 4.8. The characteristics of the rabbit 
ears provide useful information about the keratometric variation across the meridians of the eye. 
The pair of ears is symmetrical and always ninety degrees apart and the maximum and minimum 
magnitude of 𝑆22 can be determined from the position of the ears. As established by Van Gool 
(2000) and also shown by Gillan (2004), there appears to be a strong correlation between the 
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position of the rabbit ears and the major axis of the corresponding distribution ellipsoid. If, for 
example, the rabbit ears orientate symmetrically about the 90° axis then one can expect to find 
the major axis of the corresponding distribution ellipsoid orientated parallel to the antistigmatic 
plane when viewed straight down the stigmatic axis. Figure 4.2 (page 43) includes rotated views 
of stereo-pairs for k22. The standard view for k22 is provided on page 41. The three examples 
below are provided to illustrate how central corneal power varies across all the meridians of the 
eye and not just within the principal meridians as indicated by many researchers who analyse this 
sort of data only along the horizontal and/or vertical meridians. 
In the figures that follow (Figures 4.8 - 4.10) each polar plot contains the polar profiles for 
the CCP measurements from Session one. The most severe KC eye (k22), the mildest KC eye 
(k3) and one randomly selected control eye (c2) are represented in Figures 4.8, 4.9 and 4.10 
respectively. In each figure the solid blue curve represents the curvital variance profile  𝑆11 and 
the dashed blue curve represents the scaled torsional variance profile 𝑆22 for the keratometric 
measurements of Session one. The meridians are labelled from 0° to 180° in 30° intervals for all 
polar plots, however, the scale of the plots differ for optimal representation and will be specified 
for each participant. 
Figures 4.9 and 4.10 show that for both the mildest KC eye and control eye the scaled 
torsional variance profile (dashed curve) appears within the curvital variance profile (solid curve) 
therefore these eyes experience greater curvital keratometric variation than torsional keratometric 
variation. Contrary to that the severe KC eye (Figure 4.8) exhibits greater amounts of torsional 
variation than for the mild KC or control eye and especially when the differences in radial scales 
are taken into consideration. This is evident by the dashed line (torsional variance) that 
sometimes even extends beyond the solid curve (curvital variance). 
Figure 4.8 shows that the severe KC eye displays maximum curvital variation (⁓ 0.31 D2 or a 
standard deviation of 0.56 D) around the 70° meridian and maxima (⁓ 0.17 D2) torsional 
variation close to the 30° and 120° meridians. The mildest KC eye (Figure 4.9) displays 
maximum curvital variation (⁓ 0.05 D2 or standard deviation of ≈ 0.11 D) near the 100° meridian 
and maximum torsional variation (⁓ 0.0125 D2) close to the 70° and 160° meridians whereas the 
control eye (Figure 4.10) displays maximum curvital variation (⁓ 0.02 D2 or standard deviation 
of ≈ 0.13 D) near 80° and maximum torsional variation (⁓ 0.003 D2 or standard deviation of  
≈ 0.06 D) near 120°.  
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Note that the scales are different for all three polar plots and thus they cannot be so easily 
compared directly in terms of magnitude of variation. But, on closer inspection of the figures one 
would note that the most severe KC eye exhibits the most variation and the control eye exhibits 
the least variation, irrespective of type of variation (that is, curvital or torsional). The severe KC 
eye also displays much more torsional variation than the mild KC eye and the control eye, which 
substantiates the findings, noted in sections above. The use of polar plots in this multivariate 
analysis highlights clearly that keratometric variation is not isolated to only principal meridians 
or the horizontal and vertical meridians (180° and 90°) and that there is also a torsional 
component of variation (albeit small in control eyes) that accompanies curvital variation. This is 
an important finding and method of analysis (that is, polar plots of variance) that tends to be 
ignored or misunderstood in more traditional methods of keratometric analysis. See Appendix 
3.3 (pages 224-242) for polar profiles of variance for all samples (participants) for CCP for 
Session one. 
 
 
Figure 4.8. Polar profiles of variation in CCP of the most severe KC eye (k22) measured in Session one. 
The solid curve is curvital and the dash is torsional. The radial scale and outer circle (in dots) is set at 0.5 
D2 (or 0.71 D expressed as a standard deviation rather than as a variance). The meridian of greatest 
curvital variance is near 70°. Torsional variance is maximal near 115°. These types of profiles would be 
very useful in terms of monitoring progression of KC and could be useful also in earlier identification of 
incipient or early KC. 
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Figure 4.9. Polar profiles of variation in CCP of the mildest KC eye (k3) measured in Session one. The 
radial scale and outer circle (in dots) is set at 0.05 D2 (or ⁓ 0.22 D as a standard deviation; slightly more 
than three times less than in Figure 4.8 above). 
 
 
 
Figure 4.10. Polar profiles of variation in CCP of a randomly selected control eye (c2) measured in 
Session one. The radial scale and outer circle (in dots) is set at 0.025 D2 (or standard deviation ⁓ 0.16 D). 
See Appendix 3.3 (pages 224-242) for other control eyes for Session one. 
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4.2 Inter-session: central corneal power 
 
Table 4.8. Demographic information for eyes analysed in Session two for CCP. 
 
Group Number of subjects Mean age (years) Number of eyes Male / Female Right / Left 
Keratoconus  11 21.7 (range 18-34) 16 2 / 9 8 / 8 
Control 16 22.9 (range 21-24) 16 7 / 9 16 / 0 
 
4.2.1. Stereo-pair scatter plots with 95% distribution ellipsoids 
Ideally, all participants recruited for this study were meant to return one week later for a 
second measuring session (Session two); however, this was not possible for some participants 
but findings from those that did return are presented here. There are empty cells in some tables 
below for participants who were unable to attend Session two. Concerning the details pertaining 
to the interpretation of the scatter plots, the same applies as in Section 4.1 above. 
 The purpose of the second measuring session is to compare the difference in the inter-
session variation between KC and control eyes. Each scatter plot in Figures 4.11 (eyes with KC) 
and 4.12 (control eyes) below displays two sets of data and corresponding 95% distribution 
ellipsoids, namely, a black set which represents Session one measurements and a red set which 
represents Session two measurements. Data from both measuring sessions are superimposed on 
one scatter plot to allow easier identification of similarities or differences between the two 
sessions. Each scatter plot is generated using the sample mean of the first set of 40 measurements 
taken in Session one as the origin and can be found in Tables 4.2 (eyes with KC) and 4.3 (control 
eyes) above. Once again, all scatter plots have an axis length of 2 D and tick interval of 1 D to 
allow scaled comparisons to be made.  
  As is evident in Figure 4.11 only two to four out of sixteen eyes with KC (k1, k2, k11 
and k16) have distribution ellipsoids that are similar in size, shape and orientation over the two 
sessions. All other sets differ more obviously in size (for example k15) and/or shape (for 
example k13) and/or orientation (for example k6). Contrary to that, the majority of control eyes 
(12 out of 16) have similar distribution ellipsoids over the two sessions (Figure 4.12). Control 
eye c2 differs in size and shape, c5 differs in size, shape and orientation and c11 and c12 differ 
mainly in orientation. These differences are more visible in the appropriately scaled figures 
provided in Appendix 3.2 (pages 218-223). Statistical variables for Session two for eyes with KC 
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and control eyes are provided in Tables 4.9 and 4.10 on pages 64 and 68 respectively. 
Hypothesis tests were used to compare differences in measurements from Sessions one and two, 
the results of which are presented in Tables 4.17 (eyes with KC) and 4.18 (control eyes) on page 
85. 
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k4 (severe)  
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Figure 4.11. Stereo-pair scatter plots with 95% distribution ellipsoids for the 16 eyes with KC analysed 
for a second time in Session two for CCP. Each sample includes 40 consecutive measurements of CCP. 
The origin is placed at the mean of the sample from Session one for each stereo-pair as provided in Table 
4.2 above (see page 43). The black ellipsoids and points represent samples for Session one and the red 
represent samples for Session two.  
 
Table 4.9. Statistical variables (means in both conventional (Fs Fc A) and scientific notation and 
distribution ellipsoid volumes) for 16 eyes with KC measured in Session two for CCP. Volumes ranged 
from 0.109 to 4.985 D3. The maximum volume (indicated in red) was almost 46 times larger than the 
minimum value (indicated in blue). Note QD is the quartile deviations.  
 Means                      Distribution ellipsoids (95%) 
Eye Conventional (D, D, °) Scientific notation (D) Volumes (D3) 
1 49.53 −4.09 × 126 47.48I −0.62J −1.95K 0.359 
2 53.53 −4.23 × 119 51.41I −1.10J −1.81K 3.947 
3 43.50 −1.23 ×   88 42.88I −0.61J +0.05K 0.109 
4 56.98 −3.54 ×   98 55.21I −1.69J −0.51K 4.985 
5 58.66 −5.16 ×   88 56.08I −2.57J +0.21K 3.268 
6 50.55 −6.20 × 104 47.45I −2.71J −1.50K 0.425 
7 50.87 −6.05 ×   79 47.85I −2.81J +1.14K 1.090 
8 49.16 −4.15 ×   89 47.09I −2.07J +0.06K 1.742 
9 50.19 −4.78 × 114 47.80I −1.62J −1.76K 0.284 
10 56.80 −5.69 × 115 53.96I −1.79J −2.21K 0.626 
11 51.80 −6.33 × 105 48.63I −2.74J −1.59K 1.042 
12 51.88 −5.85 ×   87 48.96I −2.90J +0.34K 2.515 
13 54.27 −2.32 ×   97 53.11I −1.12J −0.29K 1.141 
14 49.27 −5.34 × 107 46.60I −2.24J −1.46K 0.873 
15 55.25 −9.00 ×   75 50.75I −3.93J +2.19K 3.701 
16 51.85 −4.25 ×   75 49.73I −1.83J +1.09K 1.083 
Median 
(QD) 
  1.087  
(1.183) 
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Figure 4.12. Stereo-pair scatter plots with 95% distribution ellipsoids for the 16 control eyes analysed for 
a second time in Session two for CCP. The origin is placed at the mean of the sample concerned from 
Session one for each stereo-pair as provided in Table 4.3 above. Black represents Session one and red 
represents Session two. These stereo-pairs are provided in Appendix 3.2 at a more appropriate scale for 
better visualisation of data. 
 
Table 4.10. Statistical variables (means in both conventional (Fs Fc A) and scientific notation and 
distribution ellipsoid volumes) for 16 control eyes measured in Session two for CCP. Volumes ranged 
from 0.027 to 0.136 D3. The maximum volume (indicated in red) was approximately 5 times larger than 
the minimum value (indicated in blue). (Note eye numbers have a gap between 13 and 17 as some 
participants did not return for Session two.) 
 
 Means                      Distribution ellipsoids (95%) 
Eye Conventional (D, D, °) Scientific notation (D) Volumes (D3) 
1 44.27 −0.88 × 109 43.82I −0.34J −0.28K 0.136 
2 45.69 −1.14 ×   95 45.12I −0.56J −0.10K 0.039 
3 41.06 −0.53 × 134 40.79I −0.01J −0.26K 0.031 
4 41.48 −0.50 ×   90 41.23I −0.25J −0.00K 0.052 
5 39.80 −0.56 × 104 39.52I −0.25J −0.13K 0.102 
6 44.80 −1.24 ×   93 44.19I −0.61J −0.07K 0.047 
7 42.30 −0.28 × 104 42.16I −0.12J −0.06K 0.051 
8 41.79 −1.22 ×   87 41.18I −0.61J +0.06K 0.054 
9 42.90 −0.66 × 107 42.57I −0.27J −0.18K 0.027 
10 40.42 −0.47 ×   98 40.19I −0.22J −0.06K 0.046 
11 44.39 −0.42 × 118 44.18I −0.12J −0.18K 0.042 
12 42.41 −0.77 ×   98 42.02I −0.37J −0.10K 0.106 
13 43.80 −0.91 ×   87 43.35I −0.45J +0.05K 0.038 
17 40.77 −1.36 × 102 40.09I −0.62J −0.27K 0.049 
18 43.26 −1.38 ×   83 42.57I −0.67J +0.16K 0.049 
19 41.91 −0.22 × 171 41.80I   0.11J −0.03K 0.033 
Median 
(QD) 
  0.048 
(0.007) 
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4.2.2 Confidence ellipsoids (on sample means) 
The 95% confidence ellipsoids (as discussed in more detail in Chapter 2) for CCP are 
provided for the 16 eyes with KC (Figure 4.13 below) and 16 control eyes (Figure 4.14) that 
were measured for both sessions. The scatter plots in Figures 4.13 and 4.14 are similar to those 
above in Section 4.2.1, however, the axis length has been decreased to 1 D and tick interval to 
0.25 D due to the much smaller volumes of these confidence ellipsoids (Table 4.11, page 76).   
The smaller the confidence ellipsoid, the more confident we can be about the accuracy of 
the sample mean. On comparison of the scatter plots in Figures 4.13 and 4.14, it is obvious that 
eyes with KC exhibit larger ellipsoids and more variation than control eyes. The larger 
confidence ellipsoids indicate greater intra-session variation and the greater distance between the 
black and red confidence ellipsoids indicates greater inter-session variation in means for eyes 
with KC. This reinforces the observations made in the previous sections above.  Although the 
confidence ellipsoids for the KC group are much larger than for the control group, their volumes 
are still relatively small for example, ranging from 0.0016 D3 to 0.023 D3 in Session one (Table 
4.11) hence, we can be confident about the accuracy of the means of all samples analysed.  
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k13 (severe) 
 
 
k14 
 
 
k15 (severe) 
 
 
k16 
 
 
Figure 4.13. Stereo-pair scatter plots with 95% confidence ellipsoids (Sessions one and two) for the 16 
eyes with KC for CCP. The axis length is 1 D, tick interval is 0.25 D and for each stereo-pair the origin is 
placed at the sample mean from Session one as provided in Table 4.2 (see page 43). The black ellipsoids 
represent Session one and the red ellipsoids represent Session two. The data (points) were omitted to 
allow the small ellipsoids to be more visible. If ellipsoids overlap, means were not significantly different 
across sessions.  
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c19 
 
Figure 4.14. Stereo-pair scatter plots with 95% confidence ellipsoids (Sessions one and two) for the 16 
control eyes for CCP. The axis length is 1 D, tick interval is 0.25 D and for each stereo-pair the origin is 
placed at the sample mean from Session one as provided in Table 4.3 (see page 50). The black ellipsoids 
represent Session one and the red ellipsoids represent Session two. The data (points) were omitted to 
allow the small ellipsoids to be more visible. If ellipsoids overlap, means were not significantly different 
across sessions.  
 
Table 4.11. Ninety-five percent (95%) confidence ellipsoid volumes on sample means for the 16 KC and 
16 control eyes for both measuring sessions for CCP. Due to the small confidence ellipsoid volumes of 
the control eyes it was necessary to round off measurements to five decimal places. The unit of 
measurement for the volumes of confidence ellipsoids is D3. Maxima and minima are indicated in red and 
blue respectively. 
Keratoconus group Control group 
Eye Session 1 Session 2 Eye Session 1 Session 2 
1  0.00180  0.00177 1  0.00031  0.00067 
2  0.02311  0.01944 2  0.00023  0.00019 
3  0.00163  0.00054 3  0.00015  0.00015 
4  0.01145  0.02455 4  0.00035  0.00026 
5  0.01087  0.01609 5  0.00035  0.00050 
6  0.00201  0.00209 6  0.00017  0.00023 
7  0.00442  0.00537 7  0.00032  0.00025 
8  0.00354  0.00858 8  0.00023  0.00026 
9  0.00286  0.00140 9  0.00020  0.00013 
10  0.00187  0.00308 10  0.00020  0.00023 
11  0.00752  0.00513 11  0.00016  0.00021 
12  0.01507  0.01239 12  0.00050  0.00052 
13  0.01008  0.00562 13  0.00019  0.00019 
14  0.00251  0.00430 17  0.00023  0.00024 
15  0.00941  0.01823 18  0.00024  0.00024 
16  0.00602  0.00534 19  0.00015  0.00016 
Medians 
(QD) 
 0.00522 
(0.00411) 
 0.00536 
(0.00583) 
  0.00023 
(0.00007) 
 0.00024 
(0.00004) 
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4.2.3 Comparison of means 
The means (in scientific notation) of the measurements (40 per eye per session) taken in 
Sessions one and two are compared (see Figures 4.15-4.18, pages 79-80) with the aid of a comet 
for each of the 16 KC and 16 control eyes. Comets enable us to visibly track the change in means 
from the first set to second set of measurements. The longer the tail of the comet, the greater is 
the difference in the means between the first and second sessions. Table 4.12 provides the 
difference in means between Sessions one and two for each eye. Due to the greatly varying 
average keratometric values across the KC group, the comet stereo-pairs were generated for the 
six severe (Figure 4.15), 10 moderate (Figure 4.16) and 16 control (Figure 4.17) eyes separately. 
The axis length and tick interval are 4 D and 1 D respectively. The origin for each of the comet 
stereo-pairs is the sample mean of each group, that is, 53.40I −2.05J −0.40K (severe group), 
47.41I −1.98J −0.53K (moderate group) and 42.00I +0.17J −0.00K (control group). Figure 4.18 
represents the same data for the control eyes as in Figure 4.17, however, the axis length is 
adjusted to 2 D to allow better visualisation of the comet tails. The origin and tick interval 
remain the same for both plots. 
In each of the comet stereo-pairs the dot represents the mean of the first set of 40 anterior 
central keratometry measurements and the end of the comet is the mean for the second set of 40 
anterior central keratometry measurements for each subject. Figure 4.15 includes the six comets 
for the eyes with severe KC. The majority of the comet tails are more closely parallel to the 
antistigmatic plane. This implies that there are mostly astigmatic changes in the means over the 
two measuring sessions. Figure 4.16 shows that there is a mixture of stigmatic and antistigmatic 
changes in means for moderate eyes with KC whilst Figure 4.18 shows that the predominate 
change in means is stigmatic in nature for the control eyes. This is evident by almost all 16 
comets aligning along the stigmatic axis FI I. These findings correlate with that noted above in 
Section 4.1 in terms of intra-session variation.  
It should also be noted that the majority of the comet lengths are longer for eyes with KC 
than for control eyes. This indicates that there is greater inter-session variation for eyes with KC 
than healthy control eyes which is also noted in the intra-session analysis above.    
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Table 4.12. Differences in means in scientific notation (Session one – Session two) for CCP for all 16 KC 
and 16 control eyes. The values are rounded off to two decimal places and the unit of measurement is 
dioptres (D) throughout.  
 
Eye Severe KC group Eye Moderate KC group Eye Control group 
2   0.14I +0.02J +0.04K 1   0.03I +0.05J +0.04K 1   0.01I +0.03J –0.02K 
4 –0.10I +0.04J –0.34K 3   0.07I +0.05J –0.07K 2 –0.07I –0.01J –0.06K 
5 –0.10I +0.17J –0.09K 6   0.20I +0.08J –0.22K 3 –0.11I +0.01J –0.12K 
10 –0.22I +0.15J –0.04K  7   0.20I +0.23J +0.26K 4   0.05I +0.07J –0.02K 
13 –0.18I –0.13J +0.13K 8   0.03I +0.37J –0.03K 5 –0.04I +0.01J –0.05K 
15   0.19I –0.04J +0.37K 9 –0.29I +0.06J +0.00K 6   0.04I +0.07J –0.03K 
   11 –0.59I –0.11J +0.02K 7   0.04I –0.04J +0.08K 
    12 –0.43I –0.25J +0.28K 8 –0.11I +0.00J –0.11K 
  14   0.15I –0.04J +0.01K 9 –0.06I –0.02J –0.04K 
  16 –0.07I +0.22J +0.14K 10   0.09I –0.01J +0.10K 
    11 –0.04I –0.04J +0.00K 
    12   0.01I –0.02J +0.03K 
    13 –0.02I +0.00J –0.02K 
    17   0.03I –0.06J +0.09K 
    18   0.06I +0.01J +0.05K 
    19   0.05I +0.01J +0.04K 
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Figure 4.15. Stereo-pair scatter plot of comets joining the means of the measurements taken in Sessions 
one and two for CCP for each of the six eyes with KC graded as severe. For each comet, the dot 
represents the mean of the set of 40 measurements taken in Session one and the comet ends at the mean of 
the set of measurements taken in Session two. The origin is placed at the sample mean, that is, 53.40I 
−2.05J −0.40K D. The axis lengths and tick intervals are 4 D and 1 D respectively. 
 
Figure 4.16. Stereo-pair scatter plot of comets joining the means of the measurements for Sessions one 
and two for CCP for each of the 10 eyes with KC graded as moderate. The origin is placed at the sample 
mean, that is, 47.41I −1.98J −0.53K D and the axis lengths and tick intervals are 4 D and 1 D 
respectively. 
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Figure 4.17. Stereo-pair scatter plot of comets joining the means of the measurements taken in Sessions 
one and two for CCP for each of the 16 control eyes. The origin is placed at the sample mean, that is, 
42.00I +0.17J +0.00K D. The axis lengths and tick intervals are 4 D and 1 D respectively. Note the 
differences in stigmatic coefficients (42 D here) as compared to that in Figures 4.15 and 4.16 (⁓ 53.40 and 
⁓ 47.4 D respectively) as severity of KC increases.  
 
 
Figure 4.18. Stereo-pair scatter plot of comets (using a different scale) joining the means of the 
measurements taken in Sessions one and two for CCP for each of the 16 control eyes. The origin is the 
same as for Figure 4.17. The axis lengths and tick intervals are 2 D and 1 D respectively. 
 
4.2.4 Variances 
The root mean square (RMS) of the differences in variances between Session one (subscript a 
below) and Session two (subscript b) measurements is used to evaluate variation over the two 
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measuring sessions. Tables 4.13 and 4.14 include the variances extracted from the variance-
covariance matrix for each of the 16 KC and 16 control eyes that were measured over two 
measuring sessions. The RMS in D2 is defined as: 
RMS = √(𝑆IIa − 𝑆IIb)2 + (𝑆JJa − 𝑆JJb)2 +  (𝑆KKa − 𝑆KKb)2    (4.1) 
The greater the RMS value, the greater the difference in variation between the two measuring 
sessions. Table 4.13 provides the RMS values for each of the 16 KC and 16 control eyes. These 
values are used to generate the line plot in Figure 4.19 (page 83) and the associated descriptive 
statistics are included in Table 4.16. The eyes with KC in this line plot are ranked from most 
severe to mildest KC eye. As is evident in Figure 4.19, generally, the eyes with more severe KC 
exhibit greater differences (larger RMS values) in variation over the two measuring sessions. 
Most of the control eyes (except c1 and c2) exhibit less of a difference in inter-session variation 
than eyes with KC.  
 
Table 4.13. Variances (D2) of CCP extracted from the variance-covariance matrices for Sessions one and 
two for 16 eyes with KC where SII, SJJ, SKK relate to the stigmatic and antistigmatic variances. Minima and 
maxima are indicated in blue and red respectively.  
Eye Session one Session two 
 SII SJJ SKK SII SJJ SKK 
1  0.0106  0.0369  0.0067  0.0088       0.0337       0.0087 
2  0.1743  0.0617  0.0347  0.1697       0.0548       0.0439 
3  0.0256  0.0091  0.0096  0.0078       0.0049       0.0076 
4  0.0380  0.0370       0.0698  0.0652        0.0949       0.0741 
5  0.0288  0.0827  0.0473  0.0644       0.0539       0.0635 
6  0.0153  0.0264  0.0105  0.0116       0.0151       0.0256 
7  0.0198       0.0203       0.0304  0.0135       0.0325       0.0497 
8  0.0241  0.0295  0.0139  0.0539       0.0511       0.0237 
9  0.0165  0.0145  0.0254  0.0111       0.0113       0.0142 
10  0.0097       0.0146       0.0208  0.0127       0.0239       0.0288 
11  0.0266       0.0475       0.0407  0.0255       0.0314       0.0264 
12  0.0496  0.0722       0.1008  0.0376       0.0627       0.0889 
13  0.1051  0.0515       0.0306  0.0294       0.0440       0.0198 
14  0.0086       0.0147       0.0326  0.0283       0.0126       0.0368 
15  0.0242       0.0418       0.0768  0.0453       0.0925       0.1118 
16  0.0153       0.0306       0.0519  0.0189       0.0276       0.0379 
Medians 
(QD) 
 0.0242 
(0.0181) 
 0.0338 
(0.0320) 
 0.0316 
(0.0323) 
 0.0269 
(0.0375) 
 0.0331 
(0.0349) 
 0.0328 
(0.0349) 
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Table 4.14. Variances (D2) of CCP extracted from the variance-covariance matrices for Sessions one and 
two for 16 control eyes where SII, SJJ, SKK relate to the stigmatic and antistigmatic variances. Minima and 
maxima are indicated in blue and red respectively. 
 
Eye Session one Session two 
 SII SJJ SKK SII SJJ SKK 
1  0.0067  0.0038       0.0028  0.0130  0.0067  0.0032 
2  0.0081       0.0027       0.0019  0.0035  0.0026  0.0028 
3  0.0033       0.0033       0.0014  0.0048    0.0020  0.0019 
4  0.0070       0.0033       0.0034  0.0071  0.0025  0.0024 
5  0.0054  0.0032  0.0044  0.0069  0.0046       0.0056 
6  0.0025  0.0024       0.0029  0.0027  0.0036  0.0036 
7  0.0054  0.0031  0.0045  0.0042  0.0019  0.0049 
8  0.0039       0.0024       0.0038  0.0056  0.0020  0.0068 
9  0.0044  0.0020  0.0033  0.0028  0.0016  0.0028 
10  0.0043       0.0016       0.0041  0.0039  0.0025       0.0034 
11  0.0032  0.0027  0.0025  0.0041  0.0037  0.0020 
12  0.0054       0.0046       0.0075  0.0081       0.0046  0.0049 
13  0.0031       0.0021       0.0037  0.0049  0.0019  0.0028 
17  0.0048       0.0030  0.0028  0.0070  0.0020  0.0032 
18  0.0064    0.0020  0.0032  0.0057  0.0022  0.0037 
19  0.0043  0.0019  0.0018  0.0035  0.0023  0.0022 
Medians 
(QD) 
 
 0.0046 
(0.0023) 
 0.0027 
(0.0012) 
 0.00325 
(0.0013) 
 0.00485 
(0.0033) 
 0.0024 
(0.0017) 
 0.0032 
(0.0017) 
Table 4.15. RMS (root mean square) values for inter-session variances (D2) for CCP. Minima and 
maxima are indicated in blue and red respectively. 
 
x-axis KC eye Keratoconus group Control eye Control group 
1 5 0.0486 1 0.0069 
2 4 0.0641 2 0.0047 
3 10 0.0126 3 0.0020 
4 15 0.0651 4 0.0013 
5 13 0.0768 5 0.0024 
6 2 0.0124 6 0.0014 
7 11 0.0216 7 0.0017 
8 12 0.0194 8 0.0035 
9 16 0.0148 9 0.0017 
10 7 0.0237 10 0.0012 
11 1 0.0042 11 0.0014 
12 6 0.0192 12 0.0037 
13 9 0.0128 13 0.0021 
14 14 0.0203 17 0.0024 
15 8 0.0381 18 0.0009 
16 3 0.0184 19 0.0010 
Medians  
(QD) 
 0.0199 
(0.0296) 
 0.0019 
(0.0016) 
83 
 
RMS of differences in variances
 KC
 Control0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
0,00
0,01
0,02
0,03
0,04
0,05
0,06
0,07
0,08
R
M
S
 (
D
2
)
 
 
Figure 4.19 Line plots for RMS of differences in variances for CCP. Sixteen eyes with KC and 16 control 
eyes are represented by the blue and red lines respectively. The y-axis provides the RMS value. Eyes with 
KC are ranked from most severe to mildest therefore refer to Table 4.15 above for the eye number that 
corresponds to the number on the x-axis.  
 
Table 4.16. Descriptive statistics for the line plots of RMS (D2) for differences in variances for CCP for 
16 KC and 16 control eyes. Note quartile deviation is half the inter quartile-range. 
 
Group Means Standard deviations Medians Quartile deviations 
KC  0.030 0.022 0.020 0.010 
Control 0.002 0.002 0.002 0.001 
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4.2.5 Hypothesis testing 
Two hypothesis tests were conducted for each of the 16 eyes that were re-tested in session 
two in both the KC (Table 4.17) and control groups (Table 4.18). These tests were done using a 
95% level of confidence, that is, with a 5% level of significance (α). The first test compares the 
variance-covariances between sessions and the second test similarly compares the means 
between Sessions one and two. Details on hypothesis testing were provided in Chapter 2. For the 
hypothesis test on variance-covariances and means, the critical values are 12.592 (χ2 distribution) 
and 2.725 (F-distribution) respectively. The null hypothesis (Ho) is rejected if the test statistic is 
greater than the critical value.  
The test statistics indicated in red are those for which the null hypothesis was rejected. This 
implies that the variance-covariances and means between the two measuring sessions were 
significantly different at a 95% level of confidence. In Tables 4.17 and 4.18 respectively, nine 
and eight comparisons had equal variance-covariances across sessions where means should be 
compared also. Generally where samples being compared do not have equal variance-
covariances, the test for equality of means is not performed. But, here for completeness all tests 
were incorporated. 
Due to the nature of the samples analysed (that is, each included 40 measurements per eye 
per session) these hypothesis tests are sensitive to possible outliers (mainly points which appear 
far removed from the majority of remaining data points) and other small changes. Therefore, 
even though almost half of eyes in both test groups had statistically significantly different 
variance-covariances and means, the differences may not always be clinically significant. For 
example, the difference in means for CCP for control eye c1, although statistically significant, is 
only 0.01I +0.03J –0.02K which could be considered clinically insignificant.  
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Table 4.17. Test statistics (μ and w) for hypothesis tests done on variance-covariances and means 
respectively for Sessions one and two for 16 eyes with KC for CCP. The null hypothesis was rejected if μ 
or w were greater than 12.592 and 2.725 respectively and these results were indicated in red. 
 
Eye Variance-covariance test statistic (μ) Means test statistic (w) 
1  4.063    3.258 
2  4.836    0.713 
3 23.159  15.131 
4 21.489  13.547 
5 19.346    6.599 
6 11.097  45.253 
7   6.693  48.578 
8 18.825  24.778 
9   7.934  58.611 
10   6.083  31.473 
11   3.914 125.191 
12 16.895   35.391 
13 22.005    7.178 
14 16.266    9.746 
15 10.232   18.320 
16   1.724   19.059 
 
Table 4.18. Test statistics (μ and w) for hypothesis tests done on variance-covariances and means 
respectively for Sessions one and two for 16 control eyes for CCP. Eye number in the extreme left 
column corresponds to the participant number for those participants that returned for Session two. 
 
Eye Variance-covariance test statistic (μ) Means test statistic (w) 
1   2.431 10.116 
2   8.005   9.387 
3 20.968   6.850 
4 14.053   2.152 
5   2.324   4.740 
6 21.598   3.172 
7 18.556   4.475 
8 22.307 12.708 
9 14.218   4.871 
10 24.639   6.150 
11   5.672   3.265 
12   0.647   5.282 
13   5.913   5.678 
17   3.305   8.336 
18 14.324   1.486 
19   5.268   2.715 
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4.3 Summary of main findings 
 
4.3.1 Intra-session 
 
4.3.1.1 Intra-participant   
i. Keratoconus eyes generally exhibited greater intra-participant keratometric variation than 
control eyes (Figure 4.4, page 51). 
ii. Intra-participant keratometric variation was generally greater in eyes with severe KC than 
in eyes with moderate KC (Figure 4.4). 
iii. The antistigmatic nature of keratometric variance in eyes with KC appeared to be greater 
in severe KC (Figure 4.8, page 58) than in moderate KC (Figure 4.9, page 59).   
 
4.3.1.2 Inter-participant  
i. On average, CCP in eyes with severe KC varied almost three times as much as moderate 
eyes with KC, which in turn, varied greater than 15 times more than control eyes 
(comparison of quartile deviations, Table 4.5, page 52). 
ii. The nature of keratometric variance was a combination of stigmatic and astigmatic or 
antistigmatic spread for eyes with KC (Figure 4.6, page 55) whilst control eyes exhibited 
predominantly stigmatic keratometric variance with little astigmatic or antistigmatic 
involvement (Figure 4.7, page 55).  
 
4.3.2 Inter-session 
 
4.3.2.1 Intra-participant  
i. Keratoconic eyes (Figures 4.15 and 4.16, page 79) experienced a greater difference in 
means (Table 4.12, page 78) over the two measuring sessions than did control eyes 
(Figure 4.18, page 80). 
ii. Keratoconic eyes experienced both stigmatic and astigmatic or antistigmatic changes in 
mean over the two sessions (Figures 4.15 and 4.16) whereas control eyes underwent a 
predominantly stigmatic change in their means (Figure 4.18, page 80). 
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iii. The squared differences in keratometric variance over the two sessions (RMS values) 
indicated that eyes with KC exhibited greater differences than for control eyes (Figure 
4.19, page 83).  
iv. Generally, RMS values appear to be greater in eyes with severe KC than eyes with 
moderate KC (Figure 4.19).  
 
4.3.2.2 Inter-participant  
i. On average, RMS values are 15 times greater in eyes with KC than for control eyes 
(Table 4.16, page 83). Median RMS was 10 times greater in eyes with KC than for 
control eyes. 
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CHAPTER 5: MULTIVARIATE ANALYSIS OF REFRACTIVE STATE 
 
Non-cycloplegic refractive state as obtained via auto-refraction is discussed in much the 
same way as CCP in Chapter 4. This chapter provides the findings for the multivariate analysis 
of refractive state for 19 KC and 19 control eyes that were measured in Session one (intra-
session) and 10 KC and 10 control eyes that were measured for a second time in Session two 
(inter-session). Refractive state was evaluated from 40 consecutive measurements taken on each 
eye using the Nidek ARK 700 auto-refractometer. For those eyes that were measured for a 
second time another 40 consecutive measurements were taken approximately one week later. 
Although Pentacam measurements were obtained for every eye with KC, it was not always 
possible to obtain auto-refraction measurements on eyes which had particularly irregular corneal 
surfaces. The auto-refractometer did not trigger at all for some of the KC participants, therefore 
the sample numbers are different for the refractive analysis and will be provided for each section. 
Note that missing values in tables indicate that a measurement or result was not obtained for that 
particular eye.    
Normality of data was evaluated as discussed above in Chapter 4, page 35 and results for 
both KC and control groups for multivariate skewness and kurtosis are provided in Appendices 
2.3 and 2.4 respectively (see pages 204-207).  
Each stereo-pair (see Figure 5.1 below starting on page 90) includes 40 auto-refractive 
measurements obtained with the Nidek auto-refractometer. Each dot on the stereo-pair is an 
actual representation of the auto-refractive measurement transformed from sphere, cylinder and 
axis so that all components are included in the analysis. These stereo-pairs also include 
corresponding 95% distribution ellipsoids. All the scatter plots that follow share the same axis 
length (2 D) and tick interval (1 D) unless otherwise stated. As mentioned in Chapter 4, although 
this scale is not so suitable for the control subjects, it allows for a quick visual comparison 
between the two groups. All stereo-pairs presented within the text are also included in Appendix 
3 at a more suitable scale for improved clarity.  Origins vary but will be specified for each scatter 
plot. Although this chapter deals primarily with the multivariate analysis of refractive state, it 
includes some relevant univariate analysis to substantiate certain findings (Figures 5.3 to 5.6 and 
5.18 and Tables 5.5 and 5.8). 
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5.1 Intra-session: refractive state 
 
Table 5.1. Demographic information for refractive state for eyes analysed in Session one. 
 
Group Number of 
participants 
Mean age (years) Number of 
eyes 
Male / Female Right / Left 
Keratoconus  14 23.6 (range 18-34) 19 3 / 11 8 / 11 
Controls 19 23.2 (range 22-26) 19 9 / 10 19 / 0 
 
5.1.1 Stereo-pair scatter plots with 95% distribution ellipsoids 
Intra-subject variation of refractive state (auto-refraction) for the two test groups is 
evaluated with the use of three dimensional stereo-pair scatter plots (with 95% distribution 
ellipsoids) in Figure 5.1 (eyes with KC) and Figure 5.2 (control eyes). The origin for each scatter 
plot is placed at the applicable mean of the sample concerned, which can be found in Tables 5.2 
(page 97) and 5.3 (page 102) for eyes with KC and control eyes respectively.  
Figure 5.1 illustrates that 18 out of 19 eyes with KC show large amounts of variation in 
auto-refractive measurements as is generally evident by the loosely dispersed data and large 
distribution ellipsoids whereas k3 (page 91) is the only eye with KC that displays a slightly 
tighter cluster of data. This could be as a result of k3 being the eye with the mildest KC in the 
group with a mean auto-refraction (Table 5.2) that could be considered mild and/or reasonably 
normal (–2.08 –0.48 x 14). Other eyes were much more myopic and/or astigmatic. 
Predominantly stigmatic variation (with some astigmatic and/or antistigmatic variation) 
can be seen for 13 eyes with KC (k1, k3, k8, k9, k13, k14, k16, k19, k20, k23, k24, k26 and 
k28). The remaining six eyes with KC display almost equal amounts of stigmatic and 
antistigmatic variation. On direct comparison of the sizes and volumes of the distribution 
ellipsoids, the control eyes display much less variation in measurements as seen by their tighter 
clusters of data. Viewing the control scatter plots in Appendix 3.4 and 3.5, pages 243-253 (which 
are generated at a more appropriate scale) enables one to note that generally, for the majority of 
control eyes, the longest axes of the distribution ellipsoids aligns closely with the stigmatic axis. 
This indicates that the refractive variation exhibited by control eyes is largely stigmatic in nature 
(probably mainly relating to changes in ocular accommodation) unlike that which is noted for 
eyes with KC which exhibit stigmatic as well as astigmatic and/or antistigmatic variation.    
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  Figure 5.3 (page 104) provides a visual representation of the volumes of the 95% 
distribution ellipsoids. The descriptive statistics thereof are provided in Table 5.4 (page 103). 
The volumes (in Table 5.5, page 104) are mapped on the graph according to the severity of the 
KC for the KC group and are represented in blue. The distribution ellipsoid volumes for the 
control group are mapped on the same line plot in red for direct comparison. Note Table 5.4 
includes the applicable eye number that corresponds to the number used on the x-axis of the 
graph as the two do not correlate as they did in Chapter 4. It would appear that in general (except 
for KC eye k24), the greater the severity of KC, the larger the volume of the distribution 
ellipsoid and hence the greater the intra-subject variation in refractive state. It is also clear that 
the control eyes exhibit much less short-term variation in refractive state than almost all eyes 
with KC except for k3 which exhibits a similar amount of intra-subject variation as for the 
control eyes (see number 19 or the last results for the samples in Figure 5.3 on page 104). 
Figure 5.4 (page 105) represents the box-and-whisker plots for 95% distribution ellipsoid 
volumes for severe (n=6), moderate (n= 13) and control (n=19) eyes. The distribution ellipsoid 
volumes for each KC and control eye are provided in Tables 5.2 and 5.3 respectively. Similar to 
the distribution ellipsoid volumes in Chapter 4, outliers are uncommon and samples are mostly 
not normally distributed; therefore the box plots use the medians and inter-quartile ranges. The 
descriptive statistics for the box plots are summarised in Table 5.6 (page 105). These box plots 
further substantiate that the greater the severity of KC, the greater the variation of refractive 
state. 
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Figure 5.1. Stereo-pair scatter plots with 95% distribution ellipsoids for the 19 eyes with KC analysed in 
Session one for refractive state as determined using the Nidek ARK 700 auto-refractometer. The origin is 
placed at the mean of the sample concerned for each stereo-pair and is provided in Table 5.2 below. Eyes 
with severe KC are labelled accordingly while other eyes had moderate KC. 
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Table 5.2. Statistical variables (means in both conventional (Fs Fc A) and scientific notation and 
distribution ellipsoid volumes) for 19 eyes with KC measured in Session one. Numbers for eyes are not 
sequential due to auto-refractive measurements being unobtainable for some participants. See Table 5.5 
for median and mean volumes (page 104). Minima and maxima are indicated in blue and red respectively.   
 
 Means (D)          Distribution ellipsoids (95%) 
Eye Conventional  Scientific notation Volumes (D3) 
1   −2.73 −5.09 × 23   −5.27I  +1.79J +1.80K   1.491 
2 −14.77 −6.51 × 22  −18.03I  +2.31J +2.30K 12.086 
3   −2.08 −0.48 × 14   −2.33I  +0.22J +0.11K   0.330 
4 −16.61 −4.30 × 10 −18.76I  +2.03J +0.73K 10.275 
5 −16.63 −5.20 × 178 −19.23I  +2.59J −0.21K   4.945 
7   −2.39 −7.23 × 163   −6.00I  +2.99J −2.03K   7.128 
8   −1.10 −1.95 × 163   −2.08I  +0.81J −0.55K   4.946 
9   −4.62 −5.85 × 29   −7.55I  +1.57J +2.47K 10.984 
13 −14.58 −2.74 × 147 −15.95I  +0.54J −1.26K 20.558 
14   −1.71 −5.73 × 28   −4.58I  +1.59J +2.38K   7.443 
16   −5.15 −6.00 × 164   −8.15I  +2.55J −1.58K 20.514 
19   −3.06 −6.06 × 13   −6.09I  +2.73J +1.32K   5.035 
20    −2.94 −5.07 × 168   −5.48I  +2.30J −1.07K   4.811 
23   −2.16 −2.79 × 37   −3.55I  +0.36J +1.34K   7.603 
24   −3.42 −6.36 × 121   −6.60I  −1.45J −2.83K 40.211 
25 −18.86 −2.89 × 23 −20.30I  +1.00J +1.04K 10.535 
26 −11.42 −2.19 × 31 −12.51I  +0.52J +0.96K 10.180 
27 −14.72 −2.31 × 166 −15.87I  +1.02J −0.54K   6.836 
28 −13.95 −5.80 × 143 −16.85I  +0.81J −2.78K 40.059 
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Figure 5.2. Stereo-pair scatter plots for refractive state with 95% distribution ellipsoids for the 19 control 
eyes analysed in Session one. The origin is placed at the mean of the sample concerned for each stereo-
pair and is provided in Table 5.3 below. See Appendix 3.4 for more appropriately scaled plots that assist 
in understanding sample variation in these controls. 
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Table 5.3. Statistical variables (means in both conventional (Fs Fc A) and scientific notation and 
distribution ellipsoid volumes) for refractive state for 19 control eyes measured in Session one. Medians 
and means are indicated in Table 5.5 to follow. Minima and maxima are indicated in blue and red 
respectively. 
 Means (D)          Distribution ellipsoids (95%) 
Eye Conventional  Scientific notation Volumes (D3) 
3   0.46 −0.52 × 83   0.20I −0.25J +0.06K 0.020 
5 −0.79 −0.46 × 91 −1.02I −0.23J −0.01K 0.028 
6 −0.68 −0.24 × 2 −0.80I +0.12J +0.01K 0.044 
7 −0.20 −0.30 × 87 −0.35I −0.15J +0.02K 0.052 
8 −1.19 −0.59 × 179 −1.49I +0.30J −0.01K 0.093 
9 −0.34 −0.36 × 73 −0.52I −0.15J +0.10K 0.033 
11 −0.48 −0.35 × 98 −0.66I −0.17J −0.05K 0.018 
12   0.07 −0.52 × 88 −0.19I −0.26J +0.02K 0.089 
13   0.06 −0.12 × 3   0.00I +0.06J +0.01K 0.045 
14 −0.29 −0.21 × 27 −0.39I +0.06J +0.08K 0.109 
15   0.03 −0.30 × 6 −0.12I +0.15J +0.03K 0.118 
16 −0.49 −0.31 × 67 −0.64I −0.11J +0.11K 0.150 
17 −0.02 −0.69 × 2 −0.37I +0.34J +0.02K 0.015 
19   1.09 −1.04 × 89   0.57I −0.52J +0.02K 0.022 
20   0.28 −2.57 × 92 −1.01I −1.28J −0.07K 0.146 
21 −0.41 −0.44 × 83 −0.63I −0.21J +0.06K 0.067 
22   0.53 −0.14 × 24   0.46I +0.04J +0.05K 0.203 
23   0.11 −0.54 × 3 −0.16I +0.27J +0.02K 0.029 
24 −0.05 −0.30 × 88 −0.20I −0.15J +0.01K 0.160 
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Table 5.4. Data used to generate the line plots (see Figure 5.3, page 104) for 95% distribution ellipsoid 
volumes for 19 eyes with KC and 19 control eyes. Note for KC the applicable eye number that 
corresponds to the x-axis number (Figure 5.3). Means and other descriptive statistics for this data are 
found below in Table 5.5 (page 104). Minima and maxima are indicated in blue and red respectively. 
 
x-axis 
numbers 
KC eye  Volume of 95% 
distribution ellipsoids (D3) 
Control 
eye 
Volume of 95% distribution 
ellipsoids (D3) 
1 5  4.945 3 0.020 
2 28 40.059 5 0.028 
3 4 10.275 6 0.044 
4 25 10.535 7 0.052 
5 13 20.558 8 0.093 
6 2 12.086 9 0.033 
7 16 20.514 11 0.018 
8 7   7.128 12 0.089 
9 27   6.836 13 0.045 
10 1   1.491 14 0.109 
11 9 10.984 15 0.118 
12 14   7.443 16 0.150 
13 19   5.035 17 0.015 
14 20   4.811 19 0.022 
15 24 40.211 20 0.146 
16 8   4.946 21 0.067 
17 26 10.180 22 0.203 
18 23   7.603 23 0.029 
19 3   0.330 24 0.160 
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Figure 5.3. Line plots for 95% distribution ellipsoid volumes for refractive state. Eyes with KC are 
ranked from most severe (k5) to mildest KC eye (k3). Note that the (control) numbers on the x-axis are 
not the eye numbers. Refer to Table 5.4 for the eye numbers that correspond to the numbers on the x-axis. 
The first six numbers (1-6) represent the eyes with severe KC. See Figures 5.1 and 5.2 for the 
corresponding stereo-pair scatter plots. Number 15 (KC 24) is atypical of the eyes with moderate KC.  
 
Table 5.5. Descriptive statistics for the line plots of 95% distribution ellipsoid volumes for refractive state 
for 19 KC and 19 control eyes. Note quartile deviation is half the inter quartile range. Units are D3 
throughout. 
 
Group Means Standard deviations Medians Quartile deviations 
KC  11.893 11.242 7.603 3.570 
Control   0.076   0.057 0.052 0.045 
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Figure 5.4. Box-and-whisker plots for 95% distribution ellipsoid volumes for severe (n=6), moderate (n= 
13) and control (n=19) eyes for refractive state as obtained using the Nidek ARK 700 auto-refractometer.   
 
Table 5.6. Descriptive statistics for the box-and-whisker plots for 95% distribution ellipsoid volumes (D3) 
for refractive state for severe (n=6), moderate (n= 13) and control (n=19) eyes.  
 
 Means Standard 
deviations 
Medians Quartile 
deviations 
Minima Maxima 
Severe 16.410 12.639 11.311 5.142 4.945 40.059 
Moderate   9.809 10.398  7.128 2.617 0.330 40.211 
Controls   0.076   0.057   0.052 0.045 0.015   0.203 
 
5.1.2 Variances 
Table 5.7 includes the stigmatic and antistigmatic variances extracted from the variance-
covariance matrix generated for each of the 19 KC and 19 control eyes. Some of the samples 
were not normally distributed therefore the box plots generated (Figures 5.5 and 5.6) display the 
medians and inter-quartile ranges. See Table 5.8 on page 108 for the associated descriptive 
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statistics where mean and median stigmatic variations are largest for both KC and control eyes, 
however, eyes with KC exhibit much more variation overall. The mean and median antistigmatic 
variations are also much greater in eyes with KC than for control eyes.    
 
Table 5.7. Variances (D2) extracted from the variance-covariance matrices for refractive state for 19 KC 
and 19 control eyes for Session one where SII, SJJ, SKK relate to the stigmatic and antistigmatic variances 
respectively. Minima and maxima are indicated with blue and red respectively. 
Eye Keratoconus group  Control group 
 SII SJJ SKK  SII SJJ SKK 
1  0.1522  0.0157  0.0212     
2  0.3403  0.0635  0.1666     
3  0.0864       0.0081       0.0030   0.0102       0.0009    0.0008 
4  0.2719       0.1643       0.0972     
5  0.1126       0.0924       0.0393   0.0046    0.0014    0.0019 
6      0.0142  0.0026  0.0009 
7  0.3228  0.2053       0.0402   0.0110  0.0023  0.0018 
8  0.3916       0.1684       0.0802   0.0157  0.0028    0.0033 
9  0.9037       0.0631       0.1336   0.0073       0.0016       0.0014 
10        
11      0.0046  0.0010       0.0011 
12      0.0618       0.0019       0.0012 
13  1.2005       0.4992       0.2729   0.0052       0.0029       0.0025 
14  0.4159       0.2218       0.0347   0.0206       0.0041       0.0025 
15      0.0161       0.0065       0.0031 
16  1.7129       0.1559       0.0540   0.0139       0.0086       0.0042 
17      0.0037       0.0018       0.0008 
18        
19  0.1915       0.0604       0.0440   0.0041       0.0022       0.0009 
20  0.4614       0.0771       0.0188   0.0249  0.0054  0.0027 
21      0.0119  0.0038  0.0016 
22      0.0188  0.0069  0.0052 
23  0.6497       0.1414       0.0695   0.0068       0.0021       0.0013 
24  1.2531       0.5075       0.2497   0.0752    0.0031  0.0017 
25  0.2818       0.2282       0.0761     
26  0.8353       0.0390       0.0804     
27  0.2692       0.0707       0.0819     
28  1.0085       0.2541       0.3138     
Medians 
(QD) 
 0.3916 
(0.3173) 
 0.1414 
(0.0794) 
 0.0761 
(0.0472) 
  0.0119 
(0.0068) 
 0.0026 
(0.0012) 
 0.0017 
(0.0008) 
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Figure 5.5. Box-and-whisker plots for stigmatic and antistigmatic variances of refractive state of 19 eyes 
with KC measured in Session one. The Kruskal-Wallis test indicated that medians were statistically 
different from each other (H (2, N=57) = 24.815, p=0.000). The post-hoc multiple comparisons test 
revealed that while the median of the stigmatic variance was statistically different from the other two 
medians, the ortho-antistigmatic and oblique antistigmatic medians were not statistically different from 
each other. 
 
 
Figure 5.6. Box-and-whisker plots for stigmatic and antistigmatic variances of refractive state of 19 
control eyes measured in Session one. Note the large difference in scales for the y-axis for Figures 5.5 and 
5.6. There is almost no or very little variation in auto-refraction in the controls as compared to the KC 
sample (see Figure 5.5). The Kruskal-Wallis test indicated that medians were statistically different from 
each other (H (2, N=57) = 33.448, p=0.000). The post-hoc multiple comparisons test revealed that while 
the median of the stigmatic variance was statistically different from the other two medians, the ortho-
antistigmatic and oblique antistigmatic medians were not statistically different from each other. 
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Table 5.8. Descriptive statistics for the box-and-whisker plots (previous page) for the stigmatic and 
antistigmatic variances for refractive state of the 19 KC and 19 control eyes measured in Session one. 
 
Group Means Standard 
deviations 
Medians Quartile 
deviations 
Minima Maxima 
KC        
SII 0.572 0.457 0.392 0.317 0.086 1.713 
SJJ 0.160 0.142 0.141 0.079 0.008 0.508 
SKK 0.099 0.090 0.076 0.047 0.003 0.314 
       
Controls        
SII 0.017 0.019 0.012 0.007 0.004 0.075 
SJJ 0.003 0.002 0.003 0.001 0.001 0.009 
SKK 0.002 0.001 0.002 0.001 0.001 0.005 
 
5.1.3 Polar profiles of variance-covariance 
Figures 5.7 - 5.9 represent the polar profiles for 40 refractive measurements each for the 
most severe KC eye (k5), the mildest KC eye (k3) and one control eye (c6) respectively. Note k5 
is the most severe KC eye from which refractive measurements could be acquired but not the 
most severe KC eye in the entire study sample (which was k22). As before the solid blue curve 
represents the curvital variance profile  𝑆11 and the dashed blue curve represents the scaled 
torsional variance profile 𝑆22  but here for the auto-refractive measurements taken in Session 
one. The meridians are labelled from 0° to 180° in 30° intervals for all polar plots, however, the 
scale of the plots differ and are specified for each participant. As a result direct comparisons of 
magnitude and variance cannot be made without taking note of the radial scale of the plot 
concerned.  
The torsional profile (dashed curve) in each plot (Figures 5.7 - 5.9) appears within the 
curvital variance profile (solid curve) therefore these three eyes experienced greater curvital 
refractive variation than torsional refractive variation. Although the most severe KC eye here 
exhibited predominantly curvital variation, the torsional variation exhibited is also much larger 
than for the mildest KC eye and even more so than for the control eye. Maximum curvital 
variation of ≈ 0.26 D2 around 90° and maximum torsional variation of ≈ 0.08 D2 close to the 40° 
and 130° meridians are seen for k5 (Figure 5.7). The mildest KC eye (Figure 5.8) and the control 
eye both display an almost semi-circular curvital variation which indicates mostly stigmatic 
variation. A small amount of torsional variation with maxima close to 60° and 150° and 30° and 
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120° are noted for k3 and c6 respectively. Considering the scales of the plots, note that k5 
exhibits the most and c6 the least amount of refractive variation. These polar plots help illustrate 
the larger amounts of refractive torsional variation (compare the dashed curves in Figures 5.7 to 
5.9) that accompanies greater stigmatic variation (compare solid curves in the same figures) in 
eyes with KC. 
  
Figure 5.7. Polar profiles of curvital and scaled torsional variation in refractive state for the most 
severe KC eye (k5) measured in Session one. The outer circle is set at 0.3 D. 
 
 
Figure 5.8. Polar profile of curvital and scaled torsional variation in refractive state for the mildest 
KC eye (k3) measured in Session one. The outer circle is set at 0.125 D. 
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Figure 5.9. Polar profile of curvital and scaled torsional variation in refractive state for the 
randomly selected control eye (c6) measured in Session one. The outer circle is set at 0.03 D. 
 
5.2 Inter-session: refractive state 
 
Table 5.9. Demographic information for refractive state for eyes analysed in Session two. 
 
Group Number of 
participants 
Mean age (years) Number of eyes Male / Female Right / Left 
Keratoconus  9 21.4 (range 18-25) 10 1 / 8 5 / 4 
Control 10 22.8 (range 22-24) 10 7 / 3 10 / 0 
 
5.2.1. Stereo-pair scatter plots with 95% distribution ellipsoids 
Unfortunately due to poor attendance on the second visit as well as eyes with KC that 
could not be measured with the auto-refractometer, the sample size for inter-session refractive 
state is smaller than that for keratometry and pachymetry (to follow in Chapter 6). Demographic 
information for those who could be measured for a second occasion are provided above in Table 
5.9 above. 
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Figure 5.10 (eyes with KC) and Figure 5.11 (control eyes) contain two sets of data 
(indicated with coloured points) and distribution ellipsoids, namely, a blue for Session one auto-
refractive measurements and magenta set for Session two auto-refractive measurements. Data 
from both measuring sessions have been superimposed on one scatter plot to allow easier 
identification of possible differences between the two sessions. For each eye, the mean of the 
first set of 40 measurements for Session one is at the origin and can be found in Tables 5.2 (eyes 
with KC) and 5.3 (control eyes) above. (See pages 97 and 102 above.) 
The comparison of size, shape and orientation of the blue ellipsoid (Session one) and the 
magenta ellipsoid (Session two) can be used to evaluate the differences in measurements taken 
over the two measuring sessions. Four out of 10 KC (k1, k3, k14 and k16) eyes are somewhat 
similar in size, shape and orientation of their distribution ellipsoids (Figure 5.10) whilst two eyes 
with KC (k7 and k9) are dissimilar in all aspects. Whilst k13 is similar in size and shape but not 
orientation, k4 and k8 are similar in orientation but not size and shape. In contrast to that, most 
control eyes (Figure 5.11) have ellipsoids that are similar in orientation but differ only slightly in 
size and shape. Two control eyes (c5 and c13) are dissimilar in all aspects. These differences are 
more visible in the appropriately scaled figures provided in Appendix 3. Tables 5.10 (page 115) 
and 5.11 (page 117) include the statistical variables for Session two for eyes with KC and control 
eyes respectively.  
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Figure 5.10. Stereo-pair scatter plots for refractive state with 95% distribution ellipsoids for the 10 eyes 
with KC analysed for a second time in Session two. For each stereo-pair the origin is placed at the mean 
of the sample concerned from Session one as provided in Table 5.2 above (page 97). The blue stereo-pairs 
and points represent Session one and the magenta stereo-pairs and points represent Session two.  
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Table 5.10. Statistical variables (means in both conventional (Fs Fc A) and scientific notation and 
distribution ellipsoid volumes) for 10 eyes with KC measured in Session two for refractive state. Minima 
and maxima are indicated in blue and red respectively.   
 Means (D)                     Distribution ellipsoids (95%) 
Eye Conventional  Scientific notation Volumes (D3) 
1   −2.90 −5.37 × 23   −5.59I +1.89J +1.90K   2.278 
2 −14.73 −6.42 × 22  −17.94I +2.35J +2.19K 18.772 
3   −2.19 −0.48 × 12   −2.43I +0.22J +0.10K   0.756 
4 −16.96 −4.33 × 11 −19.12I +1.99J +0.84K 10.162 
7   −2.26 −7.22 × 164   −5.87I +3.08J −1.89K 10.251 
8   −1.18 −2.69 × 169   −2.52I +1.25J −0.49K   3.668 
9   −4.59 −5.83 × 28   −7.50I +1.60J +2.44K   7.190 
13 −14.84 −3.34 × 152 −16.51I +0.95J −1.37K 30.085 
14   −1.93 −6.39 × 25   −5.12I +2.07J +2.43K  4.897 
16   −4.89 −6.41 × 168   −8.09I +2.91J −1.34K 20.297 
Median 
(QD) 
   8.676 
(7.552) 
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Figure 5.11. Stereo-pair scatter plots with 95% distribution ellipsoids for the 10 control eyes analysed for 
a second time in Session two for refractive state. The origin is placed at the mean of the sample from 
Session one for each stereo-pair and is provided in Table 5.3 (page 102). The blue stereo-pairs and points 
represent Session one and the magenta stereo-pairs and points represent Session two. These stereo-pairs 
are provided in Appendix 3.5 (pages 250-253) at a more appropriate scale for better visualisation of data. 
 
Table 5.11. Statistical variables (means in both conventional (Fs Fc A) and scientific notation and 
distribution ellipsoid volumes) for 10 control eyes measured in Session two. Minimum and maximum 
values are indicated in blue and red respectively.    
 
 Means (D)                       Distribution ellipsoids (95%) 
Eye Conventional  Scientific notation Volumes (D3) 
5 −0.94 −0.41 × 85 −1.15I −0.20J +0.04K 0.023 
6 −0.78 −0.16 × 11 −0.86I +0.08J +0.03K 0.096 
7 −0.33 −0.09 × 80 −0.38I −0.04J +0.02K 0.085 
8 −1.18 −0.56 × 178 −1.46I +0.28J −0.02K 0.055 
9 −0.43 −0.22 × 65 −0.54I −0.07J +0.08K 0.024 
11 −0.46 −0.34 × 92 −0.63I −0.17J −0.01K 0.019 
12 −0.19 −0.54 × 87 −0.46I −0.27J +0.03K 0.095 
13   0.19 −0.42 × 3 −0.02I +0.21J +0.02K 0.020 
17   0.04 −0.75 × 3 −0.33I +0.37J +0.04K 0.011 
19   1.12 −1.08 × 91   0.58I −0.54J −0.03K 0.022 
Median 
(QD) 
  0.024 
(0.033) 
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5.2.2  Confidence ellipsoids on sample means 
Figures 5.12 and 5.13 are 95% confidence ellipsoids for eyes with KC and control eyes 
respectively. Due to confidence ellipsoids being smaller in nature the axis length is decreased to 
1 D and tick interval to 0.25 D. Confidence ellipsoid volumes are provided in Table 5.12. Similar 
to the analysis done on keratometric behaviour, on comparison of the confidence ellipsoids it is 
quite evident that eyes with KC exhibit greater intra-session variation (and larger ellipsoids) and 
greater inter-session variation (greater distance between the blue and magenta confidence 
ellipsoids) than control eyes. 
Albeit these differences are large across the two test groups, all confidence ellipsoid 
volumes are still small (Table 5.12) hence, we can be confident about the accuracy of the means 
for all samples analysed.  
 
Table 5.12. Volumes for 95% confidence ellipsoids for refractive state for the 10 KC and 10 
control eyes for both measuring sessions. Due to the small confidence ellipsoid volumes of the 
control eyes measurements are rounded to five decimal places. The unit of measurement for 
confidence ellipsoids is D3. Minima and maxima values are indicated in blue and red respectively.    
 
Keratoconus group Control group 
Eye Session 1 Session 2 Eye Session 1 Session 2 
1  0.00734  0.01122 5  0.00014  0.00011 
2  0.05953  0.09247 6  0.00022  0.00047 
3  0.00162  0.00372 7  0.00026  0.00042 
4  0.06280  0.05721 8  0.00046  0.00027 
7  0.03511  0.06163 9  0.00016  0.00012 
8  0.02436  0.01807 11  0.00009  0.00009 
9  0.09774  0.03542 12  0.00044  0.00047 
13  0.12600  0.15197 13  0.00022  0.00010 
14  0.03666  0.02412 17  0.00007  0.00005 
16  0.12381  0.11313 19  0.00011  0.00011 
Medians 
(QD) 
 0.04810 
(0.03669) 
 0.04632 
(0.03720) 
  0.00019 
(0.00008) 
 0.00012 
(0.00016) 
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Figure 5.12. Stereo-pair scatter plots for refractive state with 95% confidence ellipsoids for the 10 eyes 
with KC for Sessions one and two. The axis length is 1 D, tick interval is 0.25 D and the origin is placed 
at the mean of the sample concerned as provided in Table 5.2. Blue represents Session one and magenta 
Session two. (Points are omitted to allow greater clarity with the small ellipsoids.)  
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Figure 5.13. Stereo-pair scatter plots for refractive state with 95% confidence ellipsoids for the 10 
control eyes analysed for Session two. The axis length is 1 D, tick interval is 0.25 D and the origin is 
placed at the mean of the sample concerned from Session one for each stereo-pair. See Table 5.3 above. 
Colours are the same as for Figure 5.12 above. 
 
5.2.3 Comparison of means 
Once again, comets are used to compare the difference in means between the two 
measuring sessions. The arithmetic differences in scientific notation mean (Session one – Session 
two) are provided in Table 5.13 and this gives an indication of how different the two sets of auto-
refractive measurements are on average.  Figure 5.14 (three eyes with severe KC), Figure 5.15 
(seven eyes with moderate KC) and Figure 5.16 (10 control eyes) all have an axis length and tick 
interval of 4 D and 1 D respectively. The origin for each of the comet stereo-pairs is the sample 
mean for each group and is indicated in the caption for each figure. For better visualisation of 
comet tails, Figure 5.17 is also provided for the control eyes on a more appropriate scale, that is, 
the axis length is adjusted to 1 D with a tick interval of 0.25 D.  
The directions of the comet tails for eyes with KC indicate that while there are stigmatic 
changes between measurement sessions, there are also astigmatic and / or antistigmatic changes 
occurring as well. Contrary to that, the predominant difference in control eyes is stigmatic in 
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nature with very little antistigmatic influence. The longer comet tails for eyes with KC indicates 
that there is greater inter-session variation for eyes with KC than for the healthy control eyes 
which was also noted in the intra-session analysis above.    
 
Table 5.13. Differences in means in scientific notation (Session one – Session two) for refractive state for 
all 10 KC and 10 control eyes. The values are rounded off to two decimal places and the unit of 
measurement is dioptres (D).  
 
Eye Severe KC group Eye Moderate KC group Eye Control group 
2   0.09I −0.04J −0.11K 1 −0.32I −0.10J +0.10K 5 −0.13I +0.03J +0.05K 
4 −0.36I +0.04J +0.11K 3 −0.10I +0.00J −0.01K 6 −0.06I −0.04J +0.02K 
13 −0.56I −0.41J −0.11K 7   0.13I −0.09J +0.14K 7 −0.03I +0.11J +0.00K 
  8 −0.44I −0.44J +0.06K 8   0.03I −0.02J −0.01K 
  9   0.05I −0.03J −0.03K 9 −0.02I +0.08J −0.02K 
  14 −0.54I −0.48J +0.05K 11   0.03I +0.00J  +0.04K 
  16   0.06I −0.36J +0.24K 12 −0.27I −0.01J  +0.01K 
      13 −0.02I +0.15J  +0.01K 
    17   0.04I +0.03J  +0.02K 
    19   0.01I −0.02J  −0.05K 
 
 
 
Figure 5.14. Stereo-pair scatter plot of comets joining the means of the measurements for Sessions one 
and two for refractive state for each of the three eyes with KC graded as severe. The dot represents the 
mean of the initial set of 40 measurements taken in Session one and the comet ends are at the mean of the 
second set of measurements taken in Session two. The origin is placed at the sample mean (n=3), that is,  
−17.72I +1.69J +0.57K D. The axis length and tick interval are 4 D and 1 D respectively. 
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Figure 5.15. Stereo-pair scatter plot of comets joining the means of the measurements for Sessions one 
and two for refractive state for each of the seven eyes with KC graded as moderate. The origin is placed at 
the sample mean (n=7), that is, − 5.22I +1.75J +0.42K D. The axis length and tick interval are 4 D and 1 
D respectively. 
 
 
Figure 5.16. Stereo-pair scatter plot of comets joining the means of the measurements for Sessions one 
and two for refractive state for each of the 10 control eyes. The origin is placed at the sample mean 
(n=10), that is, − 0.50I − 0.05J +0.02K D. The axis length and tick interval are 4 D and 1 D respectively. 
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Figure 5.17. Stereo-pair scatter plot of comets (on a different scale) joining the means of the 
measurements for Sessions one and two for refractive state for each of the 10 control eyes. The origin is 
the same as for Figure 5.16 but the axis length and tick interval are 1 D and 0.25 D respectively. 
 
5.2.4 Variances 
Refractive variances extracted from the variance-covariance matrices are provided in 
Tables 5.14, (eyes with KC) and 5.15, (control eyes) both of which can be found on page 127. 
The line plots in Figure 5.18 (page 128) graphically display the root mean square (RMS) of the 
differences in refractive variances between the two measuring sessions (Table 5.16, page 128). 
The eyes with KC in this line plot are ranked from most severe to mildest eye with KC. Note the 
numbers on the x-axis do not correspond to the numbers of the test eyes. The corresponding test 
eye number is indicated in Table 5.16 for both KC and control eyes. The sample is possibly too 
small to denote any general trends within the KC group other than the refractive variation is 
greater than that seen for the control group. The mildest KC eye coincides with RMS values of 
the control eyes and one control eye (c12) shows more refractive variation than all other control 
eyes.  
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Table 5.14. Variances (D2) of refractive state extracted from the variance-covariance matrices for 
Sessions one and two for 10 eyes with KC where SII, SJJ, S KK relate to the stigmatic and antistigmatic 
variances respectively. Minima and maxima are indicated in blue and red respectively.  
 
Eye Session one Session two 
 SII SJJ SKK SII SJJ SKK 
1  0.1522  0.0157  0.0212  0.1885  0.0230       0.0192 
2  0.3403  0.0635  0.1666  0.3670       0.0854       0.1904 
3  0.0864       0.0081       0.0030  0.0889       0.0139       0.0073 
4  0.2719       0.1643       0.0972  0.4110       0.1328       0.0922 
7  0.3228  0.2053       0.0402  0.4659       0.1255       0.1479 
8  0.3916       0.1684       0.0802  0.5264       0.1470       0.0315 
9  0.9037       0.0631       0.1336  0.4343       0.0502       0.1133 
13  1.2005       0.4992       0.2729  1.0984       0.3956       0.4160 
14  0.4159       0.2218       0.0347  0.4571       0.1330       0.0415 
16  1.7129       0.1559       0.0540  1.1840       0.1705       0.0482 
Medians 
(QD) 
 0.3660 
(0.3159) 
 0.1601 
(0.0711) 
 0.0671 
(0.0495) 
 0.4457 
(0.0797) 
 0.1292 
(0.0484) 
 0.0702 
(0.0582) 
 
Table 5.15. Variances (D2) of refractive state extracted from the variance-covariance matrix for Sessions 
one and two for 10 control eyes where SII, SJJ, SKK relate to the stigmatic and antistigmatic variances 
respectively. Minima and maxima are indicated in blue and red respectively. 
 
Eye Session one Session two 
 SII SJJ SKK SII SJJ SKK 
5  0.0046    0.0014    0.0019  0.0039       0.0028       0.0007 
6  0.0142  0.0026  0.0009  0.0111       0.0055       0.0025 
7  0.0110  0.0023  0.0018  0.0221       0.0038       0.0015 
8  0.0157  0.0028    0.0033  0.0094  0.0028       0.0023 
9  0.0073       0.0016       0.0014  0.0092       0.0016       0.0007 
11  0.0046  0.0010       0.0011  0.0030       0.0010       0.0018 
12  0.0618       0.0019       0.0012  0.0313  0.0037       0.0012 
13  0.0052       0.0029       0.0025  0.0025       0.0014       0.0017 
17  0.0037       0.0018       0.0008  0.0024       0.0010       0.0009 
19  0.0041       0.0022       0.0009  0.0054  0.0021  0.0008 
Medians 
(QD) 
 0.0063 
(0.0048) 
 0.0021 
(0.0005) 
 0.0013 
(0.0005) 
 0.0073 
(0.0041) 
 0.0025 
(0.0012) 
 0.0014 
(0.0005) 
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Table 5.16. RMS (root mean square) values of variances (D2) for refractive state. See Table 5.17 below 
for the relative descriptive statistics. Minimum and maximum are indicated in blue and red respectively. 
 
x-axis Eye Keratoconus group Eye Control group 
1 1 0.0371 5 0.0020 
2 2 0.0419 6 0.0045 
3 3 0.0076 7 0.0112 
4 4 0.1427 8 0.0064 
5 7 0.1961 9 0.0020 
6 8 0.1449 11 0.0017 
7 9 0.4700 12 0.0306 
8 13 0.2040 13 0.0032 
9 14 0.0981 17 0.0015 
10 16 0.5291 19 0.0013 
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Figure 5.18. Line plots for RMS of differences in variances for refractive state. Ten eyes with KC and 10 
control eyes are represented by the blue and red lines respectively. The y-axis provides the RMS value. 
The eyes with KC are ranked from most severe to mildest. Refer to Table 5.16 for the eye that 
corresponds to the number on the x-axis.   
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Table 5.17. Descriptive statistics for the line plots for RMS of differences in variances for refractive state 
for 10 KC and 10 control eyes.  
 
Group Means Standard deviations Medians Quartile deviations 
KC  0.187 0.178 0.144 0.081 
Control 0.006 0.009 0.003 0.002 
 
5.2.5 Hypothesis testing 
The results of the hypothesis tests applied to the auto-refractive data is much the same as 
that for the keratometric data (see Section 4.2.5). Test statistics are included in Table 5.18 (eyes 
with KC) and Table 5.19 (control eyes). Comparable to the hypothesis results of keratometry, the 
null hypothesis (of equality) for many of the samples is rejected and therefore the variances-
covariances between the two measuring sessions are statistically significantly different (those 
instances are indicated in red below). Five eyes with KC and six control eyes had equal variance-
covariances and three eyes with KC and one control eye had equal means as is indicated by 
values in black in the respective tables. Although most of these differences were statistically 
significant they may be considered as clinically insignificant. On inspection of the differences in 
means in Table 5.13, one can see that the differences are much larger in eyes with KC, however, 
they are still clinically small and generally less than 0.75 D.  
 
Table 5.18. Test statistics (μ and w) for refractive state for hypothesis tests done on variance-covariances 
and means respectively for Sessions one and two for 10 eyes with KC. The null hypothesis was rejected 
(indicated in red) if μ or w were greater than 12.592 and 2.725 respectively. 
 
Eye Variance-covariances  
test statistic (μ) 
Means  
test statistic (w) 
1   6.0227   8.0436 
2 11.4869   0.6952 
3 18.8490   1.0145 
4   5.6396   6.4842 
7 38.5557   4.2310 
8 41.0839 14.6300 
9 25.4316   0.2748 
13   3.3399   4.3936 
14 16.3978   9.4965 
16   3.0542 12.2653 
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Table 5.19. Test statistics (μ and w) for refractive state for hypothesis tests done on variance-covariances 
and means respectively for Sessions one and two for 10 control eyes for refractive state. The null 
hypothesis was rejected (indicated in red) if μ or w were greater than 12.592 and 2.725 respectively. 
 
Eye Variance-covariances  
test statistic (μ) 
Means 
 test statistic (w) 
5 14.3873 36.9202 
6 20.9599   7.8087 
7 10.7283 25.2111 
8   8.1401   1.5386 
9   8.4461 25.6372 
11   4.4453   6.9222 
12 13.8261 10.7702 
13 14.8164 69.6680 
17   8.5805 17.5515 
19   5.7654 18.6344 
 
5.3 Summary of main findings 
 
5.3.1 Intra-session 
 
5.3.1.1 Intra-participant  
i. Keratoconic eyes exhibited greater intra-participant refractive variation than control eyes. 
One exception was the mildest KC eye, which had a relatively normal refraction (Table 
5.2, page 97), and exhibited a similar amount of variation to control eyes (Figure 5.3, 
page 104).  
ii. Generally, intra-participant refractive variation is greater in eyes with severe KC (Figure 
5.3). 
iii. The antistigmatic nature of refractive variance in eyes with KC appears to be greater in 
severe KC (Figure 5.7, page 109) than in moderate KC (Figure 5.8, page 109).   
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5.3.1.2 Inter-participant  
i. On average, auto-refraction in eyes with severe KC varied almost twice as much as eyes 
with moderate KC which, in turn, varied almost 60 times more than control eyes 
(comparison of quartile deviations, Table 5.6, page 105). 
ii. The refractive variance in eyes with KC was mostly stigmatic with notable antistigmatic 
influence (Figure 5.5, page 107) whilst control eyes exhibited predominantly stigmatic 
refractive variance with negligible antistigmatic involvement (Figure 5.6, page 107).  
 
5.3.2 Inter-session 
 
5.3.2.1 Intra-participant  
i. There was a greater difference in means (Table 5.13, page 124) for eyes with KC (Figure 
5.14, page 124) over the two measuring sessions than for control eyes (Figure 5.16, page 
125). 
ii. Change in means were both stigmatic and astigmatic or antistigmatic in nature for eyes 
with KC over the two sessions (Figures 5.14 and 5.15, pages 124-125) and predominantly 
stigmatic for control eyes (Figure 5.17, page 126). 
iii. The squared differences in refractive variance over the two sessions (RMS values) 
indicated that eyes with KC generally exhibited a greater difference than control eyes 
(Figure 5.18, page 128).  
iv. There was no apparent trend found in RMS values in terms of severity of KC (Figure 
5.18).  
 
5.3.2.2 Inter-participant  
i. On average, RMS values were more than 30 times greater in eyes with KC than for 
control eyes (Table 5.17, page 129). Median RMS was 48 times greater in eyes with KC 
than for control eyes.   
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CHAPTER 6: UNIVARIATE ANALYSIS OF PACHYMETRY  
 
6.1 Intra-session: corneal pachymetry   
Corneal pachymetry measures used in the analysis below were extracted from the 
Pentacam maps for three locations, namely, at the pupil centre (central corneal thickness: CCT), 
at the apex (apical corneal thickness: ACT) and at the thinnest location (thinnest corneal 
thickness: TCT). Forty measurements for each of the three locations for each of the 28 eyes with 
KC and also the 28 control eyes as measured in Session one are discussed below. The basic 
demographic information for these samples are the same as that provided in Chapter 4, Table 4.1, 
page 35. 
Traditionally, intra-session analysis is conducted on the means of a particular variable. 
For example, the average of three or sometimes five pachymetry measurements per eye is used to 
obtain the global average of the group of eyes being investigated and all analysis that follows is 
based on the mean of the group as a whole. The analysis of corneal pachymetry presented here 
details the short-term behaviour of 40 consecutive measurements across each individual eye 
measured. To the best of the author’s knowledge, corneal pachymetry data in eyes with KC 
along with control eyes has not been analysed like this before. Conventional analysis of the 
averages for each group is also included.     
 
6.1.1 Normality 
The issue of normality of univariate data should be considered first so that one can 
ascertain whether parametric (for normally distributed data) or non-parametric (for data that is 
not normally distributed) tests should be used for analysing the data. Normality plots are 
generated, such as the example of the normality histogram (Figure 6.1) and normality 
probability-plot (Figure 6.2) below, and hypothesis tests for normality are also applied to the 
data. If data produces a bell curve type shape (Figure 6.1) and if bars fit close to the normality 
line (Figure 6.2) then it is likely that the sample is normally distributed. The results of the 
Kolmogorov-Smirnov (K-S), Lilliefors and Shapiro-Wilk (S-W) tests for normality of CCT data 
are provided in Tables 6.1 (eyes with KC) and 6.2 (control eyes) below. Those values indicated 
in red (test is significant) have a probability value of less than 0.05 (p < 0.05) and hence indicate 
that the sample is not normally distributed. Normality tests were also applied to ACT and TCT 
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data and similar results were found and therefore not included in the text. According to the K-S 
test, all samples for the 28 eyes with KC (Table 6.1 below) and the 28 control eyes (Table 6.2 
below) are normally distributed. The majority of samples in both the KC and control groups are 
normally distributed according to the Lilliefors and S-W tests as well. In addition to the mean of 
the 40 measurements taken per eye in both groups, the mean of the 28 eyes per group was also 
calculated for each pachymetry location. The results of the normality tests on these means (that 
is, the average of the 28 means per group) are provided in Table 6.3 and as is evident, all samples 
are found to be normally distributed. Therefore, all pachymetry analysis is conducted with the 
use of parametric statistical methods and tests. 
 
 
Figure 6.1. An example of a normality histogram. This was generated from the 40 central corneal 
thickness (CCT) measurements taken for a single eye with KC (k1) in Session one. 
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Figure 6.2. An example of a normality probability-plot for the same 40 central corneal thickness (CCT) 
measurements taken for a single eye with KC (k1) in Session one as above in Figure 6.1. 
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Table 6.1. Probability values (p) for the Kolmogorov-Smirnov (K-S), Lilliefors and Shapiro-Wilk (S-W) 
tests for samples (n=40) each for the central corneal thickness (CCT) measured for the 28 eyes with KC 
in Session one. Probability values which are less than 0.05 (p < 0.05) are indicated in red and represents 
those samples that are considered to be not normally distributed. K-S indicates that all samples are 
normally distributed whilst S-W indicates that 23 out of 28 samples are normally distributed.  
  
Eye Kolmogorov-Smirnov Lilliefors Shapiro-Wilk 
 d p p W p 
1 0.141 >0.20 <0.05 0.966 0.257 
2 0.010 >0.20 >0.20 0.957 0.133 
3 0.105 >0.20 >0.20 0.961 0.184 
4 0.117 >0.20 <0.20 0.971 0.390 
5 0.120 >0.20 <0.20 0.975 0.520 
6 0.099 >0.20 >0.20 0.977 0.589 
7 0.115 >0.20 >0.20 0.982 0.771 
8 0.082 >0.20 >0.20 0.969 0.341 
9 0.187 <0.15 <0.01 0.926 0.012 
10 0.120 >0.20 <0.20 0.968 0.313 
11 0.122 >0.20 <0.15 0.946 0.054 
12 0.120 >0.20 <0.20 0.969 0.331 
13 0.160 >0.20 <0.05 0.902 0.002 
14 0.166 >0.20 <0.01 0.924 0.011 
15 0.111 >0.20 >0.20 0.966 0.263 
16 0.111 >0.20 >0.20 0.969 0.327 
17 0.133 >0.20 <0.10 0.943 0.042 
18 0.110 >0.20 >0.20 0.976 0.527 
19 0.135 >0.20 <0.10 0.940 0.034 
20 0.107 >0.20 >0.20 0.973 0.433 
21 0.134 >0.20 <0.10 0.943 0.072 
22 0.158 >0.20 <0.05 0.954 0.105 
23 0.101 >0.20 >0.20 0.978 0.611 
24 0.104 >0.20 >0.20 0.982 0.758 
25 0.113 >0.20 >0.20 0.986 0.881 
26 0.150 >0.20 <0.05 0.961 0.176 
27 0.104 >0.20 >0.20 0.952 0.088 
28 0.090 >0.20 >0.20 0.970 0.366 
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Table 6.2. Probability values (p) for the Kolmogorov-Smirnov (K-S), Lilliefors and Shapiro-Wilk (S-W) 
tests for samples (n=40) each for the central corneal thickness (CCT) measured for the 28 control eyes in 
Session one. Probability values which are less than 0.05 (p < 0.05) are indicated in red and represents 
those samples that are considered to be not normally distributed. K-S indicates that all samples are 
normally distributed whilst S-W indicates that 27 out of 28 samples are normally distributed.  
 
  
Eye Kolmogorov-Smirnov Lilliefors Shapiro-Wilk 
 d p p W p 
1 0.158 >0.20 <0.05 0.958 0.145 
2 0.094 >0.20 >0.20 0.980 0.662 
3 0.172 <0.20 <0.01 0.957 0.134 
4 0.091 >0.20 >0.20 0.977 0.579 
5 0.107 >0.20 >0.20 0.962 0.190 
6 0.137 >0.20 <0.10 0.968 0.320 
7 0.105 >0.20 >0.20 0.970 0.348 
8 0.151 >0.20 <0.05 0.971 0.375 
9 0.158 >0.20 <0.05 0.957 0.130 
10 0.171 <0.20 <0.01 0.947 0.059 
11 0.154 >0.20 <0.05 0.970 0.352 
12 0.101 >0.20 >0.20 0.980 0.697 
13 0.100 >0.20 >0.20 0.964 0.231 
14 0.093 >0.20 >0.20 0.986 0.880 
15 0.172 <0.20 <0.01 0.952 0.090 
16 0.138 >0.20 <0.10 0.877 0.000 
17 0.136 >0.20 <0.10 0.964 0.223 
18 0.118 >0.20 <0.20 0.951 0.081 
19 0.099 >0.20 >0.20 0.966 0.262 
20 0.135 >0.20 <0.10 0.945 0.052 
21 0.082 >0.20 >0.20 0.974 0.486 
22 0.093 >0.20 >0.20 0.971 0.391 
23 0.114 >0.20 >0.20 0.967 0.286 
24 0.076 >0.20 >0.20 0.984 0.837 
25 0.114 >0.20 >0.20 0.950 0.079 
26 0.119 >0.20 <0.20 0.964 0.229 
27 0.121 >0.20 <0.20 0.968 0.305 
28 0.111 >0.20 >0.20 0.981 0.721 
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Table 6.3. Probability values (p) for the Kolmogorov-Smirnov, Lilliefors and Shapiro-Wilk tests for the 
means (n=28) of CCT, ACT and TCT for the KC and control groups measured in Session one. Probability 
values which are all greater than 0.05 (p > 0.05) therefore all samples can be considered as normally 
distributed.   
 Kolmogorov-Smirnov Lilliefors Shapiro-Wilk 
 d p p W p 
KC CCT 0.119 >0.20 >0.20 0.957 0.289 
KC ACT 0.110 >0.20 >0.20 0.968 0.524 
KC TCT 0.128 >0.20 >0.20 0.969 0.565 
      
Control CCT  0.085 >0.20 >0.20 0.972 0.648 
Control ACT  0.083 >0.20 >0.20 0.978 0.790 
Control TCT  0.095 >0.20 >0.20 0.971 0.602 
 
6.1.2 Box-and-whisker plots 
Figures 6.3, 6.4 and 6.5 represents the box-and-whisker plots for CCT, ACT and TCT 
respectively for 28 eyes with KC. Similarly, Figures 6.6, 6.7 and 6.8 represent the control eyes. 
As decided above, parametric statistics are employed for these plots, therefore the small square 
marker in each box plot represents the mean of the sample of 40 measurements taken per eye. 
The larger rectangular box that surrounds the specific mean indicates the mean ± 1 standard 
deviation (sd) and the ends of the whiskers are means ± 1.96 (sd). Each plot below contains 28 
box-and-whiskers, each of which represents the spread of 40 measurements taken for each of the 
28 eyes in each test group. The eyes from the KC group are ranked from most severe to mildest 
eye. The descriptive statistics for these plots are included in Tables 6.4 - 6.6 (KC group) and 
Tables 6.7 - 6.9 (control group). 
As mentioned above, the eyes with KC are ranked from most severe to mildest when 
generating the box plots in Figures 6.3-6.5. There appears to be a general trend of eyes with 
moderate KC having thicker corneas at all three measurement locations as is evidenced by the 
means of the majority of eyes with moderate KC appearing higher up on the plot concerned than 
for the eyes with severe KC. The mean CCT, ACT and TCT for the KC eye (k28) with the 
thinnest cornea are 362, 352 and 342 μm respectively. Similarly, 441, 440 and 435 μm for the 
control eye (c20) with the thinnest cornea. The KC eye (k3) with the thickest cornea had mean 
CCT, ACT and TCT measurements of 505, 506 and 494 μm respectively. Similarly, the control 
eye with the thickest cornea had mean CCT, ACT and TCT measurements of 577, 581 and 571 
μm respectively. What is interesting to note here is that the healthy control eye with the thinnest 
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cornea has thinner pachymetry values than the mildest KC eye. This emphasises that pachymetry 
cannot always be used as an isolated factor to differentiate healthy eyes from keratoconic eyes.   
The standard deviation for each eye measured is provided in Tables 6.4 - 6.9, thereby 
indicating the spread or variation of the 40 measurements taken on the individual eyes. 
Averaging the standard deviations for the 28 eyes with KC and 28 control eyes for CCT results 
in 4.788 and 3.644 μm respectively, and similarly ACT (5.122 and 3.612 μm) and TCT (5.511 
and 4.156 μm) respectively and indicates that, on average, individual eyes with KC experience 
more intra-participant variation in measurements than control eyes. The greatest variation in 
individual eye measurements is noted for TCT for both the KC and control groups. The KC eye, 
which exhibits the greatest variation in the KC group for TCT measurement, is k2 with a sd of 
7.612 μm (Figure 6.5 and Table 6.6 on pages 142-143) and similarly the control eye is c15 with a 
sd of 6.376 μm (Figure 6.8 and Table 6.9, see pages 148-149). Note that there is a difference of 
as much as 28 μm between the minimum and maximum TCT measurement for k2 and similarly 
30 μm for c15 over a single measurement session which included 40 consecutive measurements 
over a period of approximately 20 minutes. 
Figure 6.9 (page 150) represents the box plots of the averages of measurements (for each 
sample of 40) for the KC (n=28) and control (n=28) groups measured in Session one. Each box-
and-whisker plot represents the spread of 28 means for each of the pachymetry locations for both 
the KC and control groups. The descriptive statistics for this plot are provided in Table 6.10 on 
page 151. As is expected, the means for the KC group are less than that for the control group for 
all three measurement locations which indicates that, on average, eyes with KC have thinner 
corneas than age-related control eyes. The difference in means between the KC and control 
groups for CCT, ACT and TCT is 70, 78 and 81 μm respectively all of which could be 
considered clinically significant. With the use of the Student t-test, the differences in these means 
were also found to be statistically significant (Table 6.11). On closer inspection of the means 
(Figure 6.9 and Table 6.10) one should note that while CCT is the thickest of the three locations 
in the KC group, ACT is the thickest location in the control group. 
With regards to the spread of the data, although there was generally greater intra-eye 
variation in KC than for the control eyes, on average there appears to be slightly greater variation 
in mean pachymetry in the control group for all three locations. This is also evident in the box 
plot (Figure 6.9, page 150) as well as in the sd values provided in Table 6.10.    
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KC eyes: CCT
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Figure 6.3. Box-and-whisker plots of CCT for 28 eyes with KC measured in Session one. Each box-and-
whisker represents the spread of 40 measurements obtained with the Pentacam for each of the 28 eyes 
with KC which are ranked and arranged here from most severe (k22) to mildest (k3). Note that the labels 
on the x-axis are staggered therefore; k5 is the second most severe eye with KC and so forth. The mean of 
each sample (n= 40) is indicated by the small square which lies within the larger rectangular box that 
represents the mean ± 1 standard deviation (sd) and the ends of the whiskers are means ± 1.96 
(sd). See Table 6.10 (page 151) for the global or overall means and standard deviations for the 
whole sample of 28 eyes with KC. 
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Table 6.4. Descriptive statistics of the means, standard deviations, medians, quartile deviations, minima 
and maxima for samples (n = 40) for CCT for 28 eyes with KC measured with the Pentacam in Session 
one. See Table 6.10, page 151 for the averages for the 28 eyes concerned. Units are microns throughout. 
Minima and maxima for each column are indicated in blue and red respectively.  
 
Eye Means Standard 
deviations 
Medians Quartile 
deviations 
Minima Maxima 
1 446 5.456 445 3.750 436 460 
2 442 5.979 441 4.500 432 452 
3 505 4.185 506 2.750 496 512 
4 439 4.652 438 2.500 428 450 
5 427 5.972 426 4.750 415 440 
6 442 4.179 443 2.750 433 450 
7 443 3.802 443 2.500 435 452 
8 475 4.309 475 3.000 468 485 
9 428 3.028 429 1.500 419 435 
10 421 2.395 420 1.500 416 426 
11 415 4.734 414 4.000 407 425 
12 416 4.835 415 4.000 406 427 
13 446 3.451 446 2.000 437 459 
14 477 5.073 478 4.500 465 484 
15 465 5.491 464 3.250 452 480 
16 483 5.459 484 4.250 473 493 
17 474 5.344 474 3.500 466 488 
18 450 4.445 451 2.750 440 459 
19 462 5.035 461 2.500 453 478 
20 465 4.846 465 3.250 455 475 
21 432 6.636 431 4.000 421 446 
22 421 6.442 420 4.750 409 436 
23 447 3.883 447 2.750 439 455 
24 438 5.335 438 4.000 428 451 
25 382 5.624 382 3.750 368 395 
26 446 4.057 447 2.750 436 454 
27 442 5.266 442 3.500 426 456 
28 362 4.150 363 3.000 353 369 
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KC eyes: ACT
 Mean 
 Mean±SD 
 Mean±1,96*SD 
k22
k5
k28
k4
k10
k15
k18
k25
k21
k13
k2
k11
k12
k16
k7
k27
k1
k6
k9
k14
k17
k19
k20
k24
k8
k26
k23
k3
320
330
340
350
360
370
380
390
400
410
420
430
440
450
460
470
480
490
500
510
520
530
540
550
560
570
580
590
600
A
p
ic
a
l 
c
o
rn
e
a
l 
th
ic
k
n
e
s
s
 (
m
ic
ro
n
s
)
 
 
Figure 6.4. Box-and-whisker plots of ACT for 28 eyes with KC measured in Session one. The same 
description applies as for Figure 6.3 above. (See Table 6.10 on page 151 for global means and standard 
deviations) 
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Table 6.5. Descriptive statistics of the means, standard deviations, medians, quartile deviations, minima 
and maxima for samples (n = 40) for ACT for 28 eyes with KC measured with the Pentacam in Session 
one. See Table 6.10, page 151 for the averages for the 28 eyes concerned. Units are microns throughout. 
 
Eye Means Standard 
deviations 
Medians Quartile 
deviations 
Minima Maxima 
1 443 5.637 442 3.750 433 459 
2 437 6.420 437 4.500 425 450 
3 506 4.254 506 2.500 497 513 
4 419 5.614 419 3.500 409 433 
5 415 5.865 415 4.750 402 428 
6 445 4.638 445 2.500 435 454 
7 446 4.201 445 3.000 437 455 
8 470 5.284 470 4.000 460 481 
9 411 3.042 411 2.250 404 417 
10 414 2.532 414 1.750 410 419 
11 405 5.320 405 3.500 397 417 
12 408 4.679 407 4.000 399 419 
13 429 3.952 428 2.250 420 442 
14 472 6.250 472 5.000 458 481 
15 459 7.445 458 3.750 444 485 
16 482 5.190 482 4.000 472 492 
17 474 5.342 473 3.500 466 487 
18 448 4.514 449 3.000 439 457 
19 459 5.238 460 2.750 450 476 
20 462 4.955 462 3.500 452 472 
21 430 7.123 429 4.500 420 446 
22 414 6.636 413 4.500 401 428 
23 450 3.992 450 2.750 441 458 
24 430 6.640 430 4.000 415 447 
25 365 5.556 365 3.500 350 378 
26 429 3.927 429 2.500 421 437 
27 423 4.580 423 2.750 412 439 
28 352 4.591 352 3.750 345 361 
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KC eyes: TCT
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Figure 6.5. Box-and-whisker plots of TCT for 28 eyes with KC measured in Session one. The same 
description applies as for Figure 6.3 above.  
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Table 6.6. Descriptive statistics of the means, standard deviations, medians, quartile deviations, minima 
and maxima for samples (n = 40) for TCT for 28 eyes with KC measured with the Pentacam in Session 
one. See Table 6.10, page 151 for the averages for the 28 eyes concerned. Units are microns throughout. 
 
Eye Means Standard 
deviations 
Medians Quartile 
deviations 
Minima Maxima 
1 436 5.305 435 3.000 424 448 
2 429 7.612 429 4.250 410 445 
3 494 5.179 495 3.250 478 502 
4 413 5.743 412 4.250 403 426 
5 407 7.317 408 5.500 388 418 
6 434 4.037 434 2.500 426 443 
7 435 3.075 435 1.750 425 440 
8 456 6.887 458 4.250 438 467 
9 408 3.711 408 2.000 398 415 
10 409 3.761 409 2.000 399 416 
11 393 5.719 393 3.500 384 407 
12 395 3.782 396 2.000 386 402 
13 425 4.280 426 2.500 416 433 
14 460 6.057 460 4.500 445 469 
15 444 5.830 444 3.000 426 456 
16 478 4.427 479 3.750 471 486 
17 471 5.896 470 4.000 461 484 
18 443 5.514 445 4.500 431 452 
19 453 6.125 453 3.750 439 471 
20 457 6.280 457 3.750 444 468 
21 424 6.313 423 4.500 406 436 
22 411 6.906 410 5.750 398 426 
23 431 5.342 432 3.750 420 441 
24 412 6.512 413 4.250 396 424 
25 359 4.903 358 2.750 345 368 
26 424 5.532 424 3.750 410 433 
27 417 5.749 418 3.500 401 431 
28 342 6.518 342 4.750 328 356 
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Control eyes: CCT
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Figure 6.6. Box-and-whisker plots of CCT for 28 control eyes measured in Session one. Each box-and-
whisker represents the spread of 40 measurements obtained with the Pentacam for each of the 28 control 
eyes. The mean of each sample (n= 40) is indicated by the small square which lies within the larger 
rectangular box that represents the mean ± 1 standard deviation (sd) and the ends of the whiskers are 
means ± 1.96 (sd). See Table 6.10 also for global means and standard deviations. 
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Table 6.7. Descriptive statistics of the means, standard deviations, medians, quartile deviations, minima 
and maxima for samples (n = 40) for CCT for 28 control eyes measured with the Pentacam in Session 
one. See Table 6.10 (page 151) for the averages for the 28 eyes concerned. Units are microns throughout. 
 
Eye Means Standard 
deviations 
Medians Quartile 
deviations 
Minima Maxima 
1 524 2.491 525 1.750 518 529 
2 457 3.878 457 2.750 449 465 
3 511 3.808 512 1.750 503 521 
4 478 3.125 478 2.500 469 484 
5 481 4.390 482 3.500 473 489 
6 480 3.220 481 2.000 473 486 
7 523 3.043 523 2.000 517 532 
8 568 4.541 567 2.750 557 578 
9 538 2.745 537 2.000 532 543 
10 558 3.876 558 2.000 550 570 
11 490 2.684 490 1.750 484 497 
12 526 3.462 526 3.000 517 533 
13 455 2.418 456 1.500 451 461 
14 503 4.286 503 3.250 494 512 
15 502 3.347 502 2.000 492 508 
16 574 3.703 573 2.000 568 588 
17 577 2.873 577 2.000 571 582 
18 521 3.376 522 2.500 516 530 
19 557 3.973 557 2.250 550 565 
20 441 4.631 441 2.750 433 454 
21 456 4.403 456 3.500 448 465 
22 542 4.511 542 2.750 534 554 
23 506 3.365 507 1.750 498 512 
24 518 4.584 518 3.250 507 530 
25 537 4.518 537 2.750 529 551 
26 517 2.717 517 1.500 509 523 
27 529 4.483 529 3.000 517 537 
28 483 3.569 483 2.500 476 491 
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Control eyes: ACT
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Figure 6.7. Box-and-whisker plots of ACT for 28 control eyes measured in Session one. The same 
description applies as for Figure 6.6 above. See Table 6.10 also. 
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Table 6.8. Descriptive statistics of the means, standard deviations, medians, quartile deviations, minima 
and maxima for samples (n = 40) for ACT for 28 control eyes measured with the Pentacam in Session 
one. See Table 6.10 (page 151) for the averages for the 28 eyes concerned. Units are microns throughout. 
 
Eye Means Standard 
deviations 
Medians Quartile 
deviations 
Minima Maxima 
1 524 2.607 525 2.000 517 529 
2 459 3.851 459 2.500 451 468 
3 515 3.201 515 1.500 510 524 
4 477 3.069 477 2.000 467 483 
5 483 4.250 483 3.000 475 491 
6 484 3.103 484 2.750 478 489 
7 525 3.325 525 1.750 519 536 
8 568 4.496 567 3.000 557 578 
9 538 2.815 538 2.000 533 543 
10 559 4.037 558 2.000 551 570 
11 491 2.650 491 1.750 485 498 
12 528 3.295 528 2.250 520 536 
13 455 2.298 455 1.500 450 460 
14 505 4.236 505 3.250 497 514 
15 503 3.371 503 2.250 493 509 
16 573 3.529 573 2.000 567 586 
17 581 3.164 581 2.000 575 588 
18 524 3.210 524 2.500 518 532 
19 557 3.788 557 2.000 551 565 
20 440 4.661 440 2.750 432 453 
21 459 3.885 459 3.000 451 466 
22 543 4.825 543 3.500 534 555 
23 509 3.473 509 2.000 501 515 
24 521 4.492 522 2.750 511 535 
25 539 4.603 539 3.000 531 554 
26 518 2.785 518 1.750 510 524 
27 530 4.482 530 3.250 518 538 
28 485 3.636 485 2.500 477 493 
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Control eyes: TCT
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Figure 6.8. Box-and-whisker plots of TCT for 28 control eyes measured in session one. See Table 6.10 
also. 
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Table 6.9. Descriptive statistics of the means, standard deviations, medians, quartile deviations, minima 
and maxima for samples (n = 40) for TCT for 28 control eyes measured with the Pentacam in Session 
one. See Table 6.10 (page 151) for the averages for the 28 eyes concerned. Units are microns throughout. 
 
Eye Means Standard 
deviations 
Medians Quartile 
deviations 
Minima Maxima 
1 520 2.483 520 2.000 514 525 
2 451 4.397 450 3.250 442 459 
3 507 5.143 508 2.750 495 519 
4 470 4.522 470 3.500 459 480 
5 475 5.034 477 4.250 466 485 
6 475 3.558 476 2.500 466 481 
7 520 3.038 521 2.250 513 526 
8 560 5.004 561 3.000 546 572 
9 527 3.889 527 3.500 518 533 
10 552 4.025 553 2.000 543 562 
11 487 2.986 487 2.000 480 493 
12 523 3.657 524 2.750 514 530 
13 452 2.584 452 1.750 448 458 
14 498 4.232 498 3.000 489 506 
15 496 6.376 497 4.500 476 506 
16 570 3.199 570 2.000 563 579 
17 571 2.934 571 2.250 565 575 
18 517 4.613 519 3.500 508 527 
19 554 3.668 554 2.500 547 561 
20 435 4.440 435 3.000 427 445 
21 449 6.275 450 4.500 436 460 
22 538 5.022 539 4.000 527 547 
23 502 3.455 503 2.500 493 507 
24 514 4.873 514 3.750 501 522 
25 530 4.980 529 3.000 518 542 
26 513 2.942 513 2.000 505 519 
27 526 4.774 527 3.500 515 534 
28 480 4.266 481 1.750 463 487 
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Figure 6.9. Box-and-whisker plots of the averages of pachymetry measurements taken on the KC and 
control groups measured in Session one. Each box-and-whisker represents the spread of 28 individual 
means for each of the pachymetry locations, that is, central corneal thickness (CCT), apical corneal 
thickness (ACT) and thinnest corneal thickness (TCT) for both the KC and control groups. (Forty 
measurements per eye at each location were obtained and then the means were used in Figure 6.9.) 
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Table 6.10. Descriptive statistics of the group (or inter-individual) means, standard deviations, medians, 
quartile deviations, minima and maxima of the CCT, ACT and TCT averages in the KC and control 
groups measured in Session one. Each value in the table here is for the average of 28 eyes as measured 
using the Pentacam. Units are microns throughout. 
 
 Means  Standard 
deviations 
Medians Quartile 
deviations 
Minima Maxima 
KC CCT 443 29.483 443 17.900 362 505 
KC ACT 436 33.146 433 22.494 352 506 
KC TCT 427 32.965 427 19.300 342 494 
       
Control CCT  513 37.292 518 27.388 441 577 
Control ACT  514 37.350 520 26.925 440 581 
Control TCT  508 37.335 513 25.275 435 571 
 
Table 6.11. Statistics for Student t-tests comparing the pachymetry means between KC and control 
groups for the three measurement locations. The null hypothesis is that means for the two test groups are 
equal and is rejected if p < 0.05. Each sample includes means of measurements taken on 28 eyes therefore 
the degrees of freedom (df) is 54 in all cases. Probability values indicated in red are less than 0.05 thus the 
means in those samples are not equal.  
 
Unpaired 
variables 
Means sd t p 
KC CCT 1 
and 
Control CCT 1 
443 
513 
29.483 
37.292 
-7.798 0.000 
KC ACT 1 
 and 
Control ACT 1 
436 
514 
33.146 
37.350 
-8.303 0.000 
KC TCT 1 
and 
Control TCT 1 
427 
508 
32.965 
37.335 
-8.544 0.000 
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6.2 Inter-session: corneal pachymetry   
The basic demographics for the eyes measured over two sessions are the same as those found 
in Chapter 4, Table 4.8, page 60. This section provides the analysis of the 16 KC and 16 control 
eyes that were measured for both Sessions one and two. Only the averages for each group are 
considered in the analysis below. As was done in Section 6.1 above, three pachymetry 
measurement locations, namely CCT, ACT and TCT were evaluated using data obtained with the 
Pentacam. As discussed in Section 6.1.1 above (page 132), normality of data was evaluated first. 
Similar to that found in Section 6.1.1, all of the averaged group samples were found to be 
normally distributed as well.  
 
6.2.1 Box-and-whisker plots 
The box plots for the averages of pachymetry measurements for the KC and control 
groups measured in Sessions one and two are represented in Figure 6.10. Each box-and-whisker 
represents the spread of 16 means for each of the pachymetry locations for both the KC and 
control groups for each of the two measuring sessions. The descriptive statistics for Figure 6.10 
are provided in Table 6.12. The results for this plot are similar to that discussed above in Section 
6.1.2 for Figure 6.9 (see page 150). Irrespective of location, means for the KC group are smaller 
than for the control group and there is slightly greater variation of data in the control group. On 
inspection of the sd in Table 6.12 the data that varies the most is ACT measurements for the 
control group for Session one and the data that exhibits the least amount of variation is CCT 
measurements taken during Session two.  
These box plots graphically represent the measurements taken over two measuring 
sessions. One of the most important findings to note is that means for Sessions one and two 
appear to be similar for both test groups at all three measurement locations. 
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Table 6.12. Descriptive statistics including group means, standard deviations, medians, quartile 
deviations, minima and maxima for the CCT, ACT and TCT averages for the KC and control groups 
measured in Sessions one (1) and two (2). Each statistic is for samples of 16 eyes. Units are microns 
throughout. 
 Means  Standard 
deviations 
Medians Quartile 
deviations 
Minima Maxima 
KC CCT 1 448 26.201 443 21.131 415 505 
KC CCT 2 447 25.289 443 24.188 414 494 
KC ACT 1 441 29.815 440 25.069 405 506 
KC ACT 2 441 29.416 437 27.275 401 495 
KC TCT 1 432 29.013 432 20.875 393 494 
KC TCT 2 431 29.068 430 23.163 389 485 
       
Control CCT 1 515 38.657 522 33.213 455 577 
Control CCT 2 516 36.136 522 30.544 455 573 
Control ACT 1 517 38.790 524 31.969 455 581 
Control ACT 2 518 36.415 523 30.350 454 577 
Control TCT 1 510 38.352 519 32.119 451 571 
Control TCT 2 511 35.972 517 29.525 452 567 
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Figure 6.10. Box-and-whisker plots for the averages of pachymetry measurements for the KC (n=16) and 
control groups (n=16) that were measured in Sessions one and two. Each box-and-whisker represents the 
spread of 16 means for each of the pachymetry locations, that is, central corneal thickness (CCT), apical 
corneal thickness (ACT) and thinnest corneal thickness (TCT). Numbers 1 and 2 are used in labels to 
indicate Sessions one and two respectively. 
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6.2.2 Paired t-tests 
The primary purpose of the test and retest model is to evaluate if the pachymetry means of 
the various measurement locations for the two measuring sessions are equal and can therefore be 
regarded as repeatable. The results for the paired t-test are provided in Table 6.13. The 
pachymetry mean for a particular location (for example, CCT) measured in Session one was 
compared to the pachymetry mean for the same location measured in Session two within each 
test group. All test and retest comparisons resulted in probability values greater than the 
significance level of 0.05, thereby indicating that mean pachymetry measurements taken over 
two measuring sessions are not statistically different. This is easily seen in Figure 6.10 (page 
153) where the means within groups (KC or controls) are very similar irrespective of corneal 
location. However, means across the two groups are dissimilar. As the main focus of this thesis 
is to explore the multivariate analysis of KC, further in-depth univariate analysis of pachymetry 
is beyond the scope of this thesis and will therefore be addressed at a later stage in the form of a 
research paper.     
 
Table 6.13. Statistics for paired t-tests comparing the (Pentacam) pachymetry means between 
measurements taken during Session one and two for the three thickness locations for KC and control 
groups. The null hypothesis is that means between the two sessions are equal and is rejected if p < 0.05. 
Each sample includes means of measurements for 16 eyes therefore the degrees of freedom (df) is 15 in 
all cases. Not only are means similar from first to second sessions but standard deviations are likewise 
almost the same across sessions irrespective of corneal location or group membership. 
 
Paired 
variables 
Means sd Differences sd of 
differences 
t p 
KC CCT 1 
KC CCT 2 
448 
447 
26.201 
25.289 
0.708 4.231 0.669 0.514 
KC ACT 1 
KC ACT 2 
441 
441 
29.815 
29.416 
0.591 4.398 0.537 0.599 
KC TCT 1 
KC TCT 2 
432 
431 
29.013 
29.068 
0.823 4.727 0.697 0.497 
       
Control CCT 1 
Control CCT 2 
515 
516 
38.657 
36.136 
-0.769 3.882 -0.792 0.441 
Control ACT 1 
Control ACT 2 
517 
518 
38.790 
36.415 
-0.889 3.853 -0.923 0.371 
Control TCT 1 
Control TCT 2 
510 
511 
38.352 
35.972 
-0.727 3.837 -0.757 0.461 
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6.2.3 Bland-Altman plots 
Another method to analyse (intra-individual) repeatability is with the use of Bland-
Altman plots (BA plots). Three individual eyes were chosen to illustrate the agreement between 
pachymetry means from Sessions one and two. Pachymetry data from the same randomly 
selected control eye (c2) that was used in previous sections, the mildest eye with KC (k3, also 
used previously) and the second most severe eye with KC (k5) are used to generate the BA plots 
below. Unfortunately, the most severe eye (k22) in the whole KC group was not available for the 
second measuring session and could therefore not be a part of this analysis. 
Bland-Altman plots provide a graphical representation of the agreement between the 
means plotted against the differences in means (pachymetry means measured in Sessions one and 
two, that is, Session one – Session two). Figures 6.11 - 6.13 provide the BA plots for the three 
measurement locations for the three eyes chosen above. The solid black line in each BA plot 
represents the mean difference (𝑋d) in microns. The black dashed upper and lower line 
representing the Limits of Agreement (LoA) lie within their own exact 95% confidence intervals 
(CI) which are indicated by the grey shaded regions. The two black dotted lines represent 𝑋d ± 1 
sd. Values for each of these lines are provided along the right y-axis. Note for best representation 
scales are different for each plot. Tables 6.14 - 6.16 include the descriptive statistics for the three 
eyes (c2, k3 and k5) respectively.  
In general, for all BA plots, across all three measuring locations, the majority of the dots 
lie within their respective LoA and relatively close to the solid black line or mean difference 
concerned. There are some dots that lie beyond the LoA, for example, Figure 6.11 (c) shows one 
dot near 422 μm that lies below the lower LoA. Although most dots lie within their LoA they do 
not cluster closely around their mean difference line (the solid black line) and the LoA width 
varies between 19 - 43 μm (or 0.019 - 0.043 mm). This is, however, a relatively small region of 
variability. The variability and agreement between the two measuring sessions are poorer for 
eyes with KC than for control eyes.  
Tables 6.14 (c2), 6.15 (k3) and 6.16 (k5) provide various statistics for the BA plots 
discussed above. The global mean or mean of means is given by 𝑀 and is calculated by 
averaging the means for each of the 40 measurements per eye concerned for Sessions one and 
two. As is evident in these tables, control eye c2 has mean thinner pachymetry measurements 
156 
 
than the mildest eye with KC (k3) and, as is expected, k5 (most severe) has the thinnest mean 
pachymetry measurements. Although the control eye is thinner than the mildest KC eye, the KC 
eye still exhibits slightly more variation as is evident by the larger standard deviation for each of 
the three pachymetry locations.  
The mean differences (𝑋d) and associated standard deviations (for the differences) for all 
locations are greater in the two eyes with KC than for the control eye. This indicates that 
pachymetry measurements taken on the control eye are more repeatable than those taken on these 
eyes with KC. This is further substantiated by the control eye having a lower CR (the 
coefficients of repeatability) value than the two eyes with KC.   
The 95% LoA is greater for the two eyes with KC than for the control eye and spans as 
much as 43 μm (TCT, k5). This would suggest that repeatability of measurements decreases with 
increasing disease severity.  
Coefficients of variation (CV) ranges from 0.008 to 0.020, all of which are <1 for all 
three eyes which indicates a low variance in pachymetry measurements irrespective of location. 
The intra-class correlation coefficients (ICC) shows poor agreement (ICC < – 0.264) for all 
measurement locations in k5, however, for k3 and c2, only the TCT has a poor ICC (< – 0.375).   
Although the control eye had lower pachymetry values than the eye with the mildest KC, 
the differences in means and variability of measurements was greater. This implies that 
pachymetry on its own is not always a good indicator of disease but perhaps the associated 
variance of measurements may be a better indicator.    
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(a) 
 
(b) 
 
(c) 
 
Figure 6.11. Bland-Altman plots of means versus differences of CCT measurements taken in Sessions 
one and two for (a) control eye c2, (b) KC eye k3 and (c) KC eye k5. The solid black line represents the 
mean difference (𝑋d). The shaded region around this line is a 95% confidence interval on the 𝑋d. The 
black dashed upper and lower line representing the upper and lower Limits of Agreement (LoA)  which 
each lie within their own 95% confidence intervals (CI) which are indicated by the grey shaded regions 
surrounding these dashed lines. The smaller the CI the more certain we are of the statistic concerned. The 
two black dotted lines represent 𝑋d ± 1 sd. Values for each of these lines are provided along the right y-
axis. Note that for optimum representation, scales are different for each plot.    
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(a) 
 
(b) 
 
 (c) 
 
Figure 6.12. Bland-Altman plots of means versus differences of ACT measurements taken in Sessions 
one and two for (a) control eye c2, (b) KC eye k3 and (c) KC eye k5.  
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(a) 
 
(b) 
 
 (c) 
 
 
Figure 6.13. Bland-Altman plots of means versus differences of TCT measurements taken in Sessions 
one and two for (a) control eye c2, (b) KC eye k3 and (c) KC eye k5.    
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Table 6.14. Descriptive statistics for the Bland-Altman plots which include the means (𝑀), mean 
differences (𝑋d), standard deviations (sd), standard errors (SE), lower limits of agreement (LLoA), upper 
limits of agreement (ULoA), coefficients of repeatability (CR), coefficients of variation for Session one 
(CV1) and Session two (CV2) and intra-class correlation coefficients (ICC) of the CCT, ACT and TCT for 
control eye c2 for Sessions one and two.   
Eye  CCT ACT TCT 
c2 𝑀 (sd) 460 (2.170) 463 (2.130) 454 (2.887) 
 𝑋d 
(sd of differences) 
6.950 
(4.867) 
6.800 
(5.060) 
6.600 
(5.363) 
 SE for 𝑋d 0.770 0.800 0.848 
 (LLoA ; ULoA) (– 2.784; 16.490) (– 3.319; 16.717) (– 4.125; 17.111) 
 Widths of LoA 19.274 20.036 21.236 
 SE for LoA 1.333 1.386 1.469 
 CR 16.773 16.749 16.796 
 CV1 0.008 0.008 0.010 
 CV2 0.005 0.006 0.007 
 ICC – 0.591 – 0.602 – 0.375 
 
Table 6.15. Descriptive statistics for the Bland-Altman plots which include the means (𝑀), mean 
differences (𝑋d), standard deviations (sd), standard errors (SE), lower limits of agreement (LLoA), upper 
limits of agreement (ULoA), coefficients of repeatability (CR), coefficients of variation for Session one 
(CV1) and Session two (CV2) and intra-class correlation coefficients (ICC) of the CCT, ACT and TCT for 
KC eye k3 that was the least severely affected KC eye. 
Eye  CCT ACT TCT 
k3 𝑀 (sd) 500 (2.684) 501 (2.620) 490 (3.596) 
 𝑋d 
(sd of differences) 
– 10.850 
(6.689) 
– 10.575 
(7.089) 
– 9.150 
(6.632) 
 SE for 𝑋d 1.058 1.121 1.049 
 (LLoA ; ULoA) (– 24.229; 2.261) (– 24.753; 3.319) (– 22.413; 3.848) 
 Widths of LoA 26.490 28.072 26.261 
 SE for LoA 1.832 1.941 1.816 
 CR 25.214 25.173 22.334 
 CV1 0.008 0.008 0.010   
 CV2 0.009 0.009 0.009 
 ICC – 0.703 – 0.715 – 0.430  
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Table 6.16. Descriptive statistics for the Bland-Altman plots which include the means (𝑀), mean 
differences (𝑋d), standard deviations (sd), standard errors (SE), lower limits of agreement (LLoA), upper 
limits of agreement (ULoA), coefficients of repeatability (CR), coefficients of variation for session one 
(CV1) and session two (CV2) and intra-class correlation coefficients (ICC) of the CCT, ACT and TCT for 
KC eye k5, the second most severely affected eye with KC. 
Eye  CCT ACT TCT 
k5 𝑀 (sd) 424 (4.316) 411 (4.163) 403 (5.400) 
 𝑋d 
(sd of differences) 
– 6.550 
(6.969) 
– 6.625 
(7.393) 
– 8.850 
(10.951) 
 SE for 𝑋d 1.102 1.169 1.732 
 (LLoA ; ULoA) (– 20.487; 7.108) (– 21.410; 7.865) (– 30.752; 12.614) 
 Widths of LoA 27.595 29.275 43.366 
 SE for LoA 1.908 2.025 2.999 
 CR 18.857 19.567 27.736 
 CV1 0.014 0.014 0.018 
 CV2 0.012 0.013 0.020 
 ICC – 0.108 – 0.180 – 0.264 
6.3 Summary of main results 
6.3.1 Intra-session 
i. Eyes with KC had thinner corneas overall and corneal thickness decreased as KC severity 
increased (Figures 6.3-6.8, pages 138-148). 
ii. Pachymetric variation within individual eyes with KC appeared to be greater than that 
within individual control eyes (Tables 6.4-6.9, pages 139-149). 
iii. Although intra-participant variation was greater in eyes with KC, box plots (Figure 6.9) 
indicated greater variation of mean pachymetry in control eyes (Table 6.10, page 151).  
iv. Average pachymetry measurements for eyes with KC were significantly different than for 
control eyes at each of the three measuring locations (Table 6.11, page 151). 
6.3.2 Inter-session 
i. Pachymetry measurements taken on control eyes were more repeatable and less variable 
than those taken on eyes with KC (Tables 6.14-6.16, pages 160-161). 
ii. Although the mildest KC eye had thicker pachymetry measurements than the control eye, 
measurements were still more variable and less repeatable than those of the control eye 
(Tables 6.15 and 6.16). 
iii. There was no significant difference in overall means (Table 6.13, page 154) for the two 
measuring sessions within each test group and at all three measuring locations.   
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CHAPTER 7: DISCUSSION AND CONCLUDING REMARKS 
 It was difficult to make direct comparisons between this and other (similar) studies 
because many factors vary between studies of this nature. There are also many different 
instruments such as corneal topographers that can be used to take keratometry and pachymetry 
measurements (all of which are not necessarily interchangeable) (Meyer et al., 2017; Amiri et 
al., 2017). Complicating matters further, is that there are different statistical methods that could 
be used to assess variation (all of which could give varying results) (McAlinden et al., 2011) and 
in general, the nature and grading of KC can be rather disparate between study samples. These 
are only a few of the problems that arise when comparing studies. Nonetheless, where general 
comparisons could be made, they were indicated as appropriately as possible. Also, Table 7.1 
(pages 170-172) below provides a summary of studies that investigated parameters similar to 
those in this thesis. Many authors do, however, agree that dioptric power should be analysed in 
its entirety for research purposes (Raasch et al., 2001; Chen and Lam, 2009; Montalbán et al., 
2013a; Soeters et al., 2018). 
On first inspection of the sample size (28 KC and 28 control eyes) one may be inclined to 
believe it small. However, one should consider that the primary aim of this study was to evaluate 
short-term variation of the variables of interest such as CCP, something which has not been 
investigated in sufficient detail previously in relation to both keratoconic and normal age-related 
control eyes. This is especially true also for some of the analytical methods applied in this thesis. 
To this aim, forty auto-keratometric (CCP), 40 non-cycloplegic auto-refractive and 120 total 
pachymetric (40 measurements at three locations) measurements per eye were individually 
evaluated for an intra-session analysis. These measurements were then repeated a week later for 
an inter-session analysis, albeit that not all participants returned as requested for this additional 
data session. However, a sufficient number did so thus allowing for an inter-session analysis to 
be performed. Therefore, essentially the nature or meaning and spread of over 10 000 
measurements has been evaluated and presented in this study. Both intra-session and inter-
session evaluations included scrutinising the data from an intra-participant and inter-participant 
perspective. This study also contributes useful and important results in KC and age-related 
controls due to its combination of univariate and multivariate methods to explore and interpret 
the data as collected. This study is believed to be the first to use methodology such as stereo-
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pairs, polar profiles of variance and surfaces of constant probability density to compare eyes with 
KC to eyes without KC. 
7.1 Summary of main results 
7.1.1 Intra-session analysis 
 The primary aim of the intra-session analysis was to explore individual variation by 
analysing the spread of 40 consecutive auto-keratometric measurements taken on individual eyes 
(intra-subject) as well as variation in general (inter-subject). While it is well-known that eyes 
with KC exhibit greater variation in corneal power and curvature measurements than applies to 
healthy (non-KC) eyes, the nature of variation has not been fully evaluated before and especially 
not with the methods used herein. Thus this study provides new information and knowledge 
through a comprehensive analysis of variation of CCP and refractive state with predominantly 
multivariate methods and statistics with further cogency provided using univariate statistics 
where necessary, for example, to study short-term variation of corneal thicknesses at three 
important locations in both KC and controls.   
Stereo-pair scatter plots provided a unique and more understandable visual representation 
of the distribution or spread of data (40 points here per sample), each of which was an actual 
representation of sphere, cylinder and axis transformed and thereafter plotted in three-
dimensional dioptric power space for each eye. Analysis of dioptric power (whether for CCP or 
refractive state via auto-refraction) is very complicated but this type of graphical and quantitative 
analysis goes a long way to simplifying and promoting deeper and clearer understanding of the 
questions and issues involved in the clinical and research area concerned. Together with 95% 
distribution or confidence ellipsoids, such stereo-pairs provided an indication of direction and 
nature and amount of the spread given in terms of sample variances and the orientations of the 
longest axes of such ellipsoids and their volumes. The ellipsoids and their volumes that were 
represented and calculated using multivariate methods were then extracted and further explored 
using univariate methods, which included the use of simple line plots and box plots. Sample 
normality and descriptive statistics for central tendency, dispersion and variances and 
covariances were also investigated in detail herein.   
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 As explained in Chapter 2, by converting dioptric power into its matrix form, it is 
possible to square dioptric powers and hence calculate vital statistics such as the variances of the 
sample concerned. Means and variances (or standard deviations or quartile deviations) are 
important factors when investigating central tendency and dispersion and they provide an 
indication of the spread of data in relation to the sample mean. Data cannot be adequately 
understood without these two very basic statistics and given the trivariate nature of dioptric 
power, multivariate methods are essential to effectively understand and represent such data and, 
for example, to calculate the variance-covariance matrix for each sample of 40 consecutive 
measurements for each eye as analysed herein. The variances extracted from the matrix 
concerned were further analysed using univariate methods such box plots with corresponding 
descriptive statistics. At its simplest, samples of dioptric power need three variances and three 
covariances for proper understanding of data and the variance-covariance matrix is an essential 
element for such understanding. A great deal remains to be explored but this thesis provides an 
important stepping stone towards increasing one’s knowledge of KC and variation of ocular 
parameters such as CCP.  
 Polar profiles of variance-covariance are another useful and vital tool to understanding 
and to graphically displaying the variation that is exhibited by an eye in all of its meridians from 
0° to 360°. (Although this thesis emphasises short-term variation, the same methodology is 
necessary for studying longer term changes in, say, CCP in KC or other eyes.) They provide the 
full picture, if you like, of variation within or across one of more eyes and they are essential to 
understanding the complicated nature and magnitude of variation in samples that involve dioptric 
power. In contrast, variance-covariance matrices (with their six distinct or unique elements or 
values) only give a partial or incomplete idea of variation in samples and thus both methods are 
used herein with data for CCP and auto-refraction for eyes for individuals of a similar age that 
may or may not have KC. More traditional research methods usually ignore the actual meridian 
or axis along which the curvature or refractive power lies and thus provide an incomplete idea of 
what may be occuring. Surfaces such as the cornea are complicated 3-dimensional surfaces with 
variable powers and radii and such methods of analysis (of say, only principal meridians or in 
some instances only the horizontal or vertical meridians) can have critical limitations. With the 
use of multivariate methods for analysis of dioptric power all meridians can be taken into 
account in the analysis and polar profiles demonstrate how power changes relative to meridional 
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variation. Very complicated issues can thereby be simplified, such as establishing meridians of 
greatest or least variance. Inter-relationships between variance (variation) of dioptric power (or 
curvature) of different meridians of an eye can be explored in reference to many factors such as 
KC, ageing, ocular surgery or others.   
7.1.1.1 Keratometric behaviour  
 The overall finding here was that eyes with KC exhibited much more variation in CCP 
measurements than did control eyes. This is expected and is in general agreement with other 
studies by Flynn et al. (2016), Meyer et al. (2017) and Kosekahya et al. (2018). This observation 
was very evident when comparing the stereo-pair scatter plots between the two groups. 
Keratoconic eyes (Figure 4.1, pages 37-42) displayed a greater spread of data points and larger 
95% distribution ellipsoids than control eyes (Figure 4.3, pages 44-49). In addition to that, the 
line plots for distribution ellipsoid volumes (Figure 4.4, page 51) clearly illustrated that in 
general, variation increased with increasing severity of KC. There was as much as 2 D 
antistigmatic and 1 D stigmatic variation (Figure 4.2, page 43) noted for the most variable eye 
which was also the most severely affected eye (k22) with KC. Bear in mind that these 40 
measurements were obtained over approximately 30 minutes, illustrating also that measuring 
eyes with KC can be much more difficult (than for eyes without KC) with many scans being 
rejected even over relatively short periods. The same measurements only took on average 15 
minutes for control eyes. 
 Further to this, variances for dioptric power, such as anterior central corneal keratometry, 
have three components (S11, S22, S33) and these were plotted on box plots that provided further 
substantiation that variation was greater in eyes with KC (Table 4.6, page 54 and Figure 4.6, 
page 55) than in control eyes (Table 4.6 and Figure 4.7, page 55). However, the more pertinent 
finding here is that variation in keratometric behaviour exhibited in eyes with KC (Figure 4.1 and 
4.11, pages 37-42 and 61-64 respectively) was almost equally stigmatic and antistigmatic in 
nature whereas it is mostly stigmatic in control eyes (see Appendix 3.1 and 3.2, pages 208-223). 
Polar profiles of variance suggest that this is probably more true as KC progresses in severity 
(Figure 4.8, page 58) and less so in milder cases (Figure 4.9, page 59). See also Appendix 3.3 
(pages 224-242) for polar profiles for all eyes with KC and all control eyes. Although, overall, 
eyes with KC display greater curvital and torsional variation than control eyes (see Figure 4.10 
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on page 59 for a single control eye, c2). An interesting point to consider here is that although k3 
(Table 4.2, page 43: 42.95I − 0.56J − 0.02K) and c2 (Table 4.3, page 50: 45.05I − 0.57J − 
0.09K) are relatively similar in mean anterior central corneal keratometry, variation is almost 
four times more in k3 (Figure 4.9, page 59) than in c2 (Figure 4.10, page 59). Use of polar 
profiles of variance or other statistics relating to variances in variance-covariance matrices could 
be something to consider when differentiating early eyes with KC from healthy eyes.  
7.1.1.2 Refractive state 
 The scatter plots generated for variation of refractive state illustrate that eyes with KC 
(Figure 5.1, pages 90-96) undergo more variation than control eyes (Figure 5.2, pages 98-101) as 
is evidenced by the much larger distributions of data and ellipsoids. Raasch et al. (2001) came to 
the same conclusion in their study as discussed in Section 2.4.2 on page 13, however, they used 
subjective refraction rather than auto-refraction. The line plot of distribution ellipsoid volumes 
(Figure 5.3, page 104) also illustrated with possibly some exceptions that ellipsoidal volumes 
tend to increase with the severity of KC. The most variable eye was k24 (graded as severe), see 
page 104. This eye has the largest ellipsoid and the greatest ortho-antistigmatic variance but not 
the largest stigmatic or oblique-antistigmatic variances and refractive measurements varied as 
much as 6 D (Figure 5.1, page 95) over the short measurement session which was approximately 
30 minutes. On average, volumes for severely affected eyes with KC varied almost twice as 
much as moderately affected eyes with KC, which in turn varied more than 58 times greater than 
control eyes (Table 5.6, page 105). It should also be noted that while on average eyes with 
moderate KC varied more than control eyes, the line plot also shows that the mildest KC eye (k3) 
exhibited a volume similar to that for the control eyes (k10 was another eye where this also 
applied). Another significant finding is that eyes with KC varied more in refractive state than in 
keratometric behaviour. It appears that on average distribution ellipsoid volumes for eyes with 
KC were more than seven times greater in refractive state (Table 5.5, page 104) than 
keratometric behaviour (Table 4.4, page 51) whereas control eyes had almost similar volumes for 
CCP (Table 4.4) and auto-refraction (Table 5.5). This could be due to the quality of the tear layer 
in eyes with KC and that factor having a greater impact on measurements taken with an auto-
refractometer (which is less dependent on the quality of the tear layer) as opposed to those taken 
with the Pentacam (which is more likely to be influenced by the tear layer). 
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 Box plots of variances (Figures 5.5 and 5.6 on page 107) indicated that most of the 
variation in refractive state was stigmatic in nature for both KC and control eyes; however, eyes 
with KC had more antistigmatic variation than control eyes. Polar profiles (Figures 5.7-5.9, 
pages 109-110) provided further substantiation for the findings above, albeit for only three of the 
eyes concerned but see Appendix 3.6 (pages 254-266) for other eyes.   
7.1.2 Inter-session analysis 
 The purpose of the inter-session analysis was to compare variation in measurements over 
two measurement sessions separated by approximately one week. Where data was available for 
both sessions, scatter plots with 95% distribution ellipsoids were superimposed on single plots so 
that direct comparisons for changes of the spread of data could be made for individual eyes. 
Scatter plots with 95% confidence ellipsoids about sample means for the two measuring sessions 
also formed part of the analysis. The size, shape and orientation of confidence ellipsoids 
provided important information regarding the various means and, for example, the distance 
between two confidence ellipsoids for the two sessions illustrated clearly any differences in 
means between the two sessions for each eye concerned. 
 Means between the two sessions were also evaluated with the aid of comets with stereo-
pair scatter plots. The lengths and directions of the tails of the comets indicated the nature of 
differences in the means.  
 Variances were evaluated with the aid of the root mean square (RMS) differences where 
the greater the RMS value, the greater the difference in overall variance between the two 
measuring sessions. Further discussion on RMS values is provided below. 
 Hypothesis testing was also applied to the data to evaluate if there were any statistically 
significant differences between the two measuring sessions. All the above-mentioned analyses 
were applied to both keratometric and refractive data and will be briefly discussed below. 
7.1.2.1 Keratometric behaviour 
 The larger confidence ellipsoids in the KC group substantiated that eyes with KC 
exhibited greater keratometric variation and the greater distance between the ellipsoids indicated 
that the changes that occurred over the two measuring sessions were greater for eyes with KC 
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than for control eyes. The difference in mean CCP over the two measuring sessions was 
calculated for each eye (Table 4.12, page 78) while the nature of the changes in the means were 
illustrated with the comets found in Figures 4.15-4.18 (pages 79-80). The longer lengths of the 
comet tails for eyes with moderate or severe KC indicated that eyes with KC experienced a 
larger change in mean CCP over the two sessions than for the control eyes whilst the direction of 
the comets indicated that these changes were more astigmatic and antistigmatic in nature for eyes 
with KC than for the control eyes, which exhibited predominately stigmatic changes over the two 
measuring sessions.   
 RMS values (Figure 4.19 on page 83 and Table 4.15 on page 82) indicated that eyes with 
KC exhibited approximately 10 times more overall variation (comparison of quartile deviations, 
Table 4.16, page 83) in CCP over the two measuring sessions than control eyes, which exhibited 
almost no difference in CCP variation (mean and median RMS = 0.002 D2) over the two sessions.  
 Although some samples (Tables 4.17 and 4.18, page 85) had statistically significantly 
different variance-covariances and means for CCP over the two measuring sessions, the 
differences were generally of small magnitude and were not clinically significant, despite the 
presence of moderate or severe KC.  
7.1.2.2 Refractive state 
 The findings for non-cycloplegic refractive state as determined via the Nidek ARK 700 
auto-refractometer were generally similar to that for keratometric behaviour as described above 
in Section 7.1.2.1. Confidence ellipsoids were found, however, to be much larger and where data 
were available for both sessions, mostly further apart in eyes with KC (Figure 5.12, pages 119-
121) than for control eyes (Figure 5.13, pages 121-123).  
 Comets showed that while the predominant change in mean refractive state was stigmatic 
in nature there were also more astigmatic and antistigmatic influences in eyes with KC than for 
the control eyes (Figures 5.14-5.17, pages 124-126).  
Table 5.17 (page 129) indicated that the median RMS difference in variances for 
refractive state was 48 times greater in eyes with KC when compared to control eyes. On 
comparison of Table 4.16 (page 83) and Table 5.17, it was also evident that eyes with KC had a 
median RMS difference in variances for refractive state that was approximately seven times 
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greater than the median RMS difference in variances for CCP. As was the case for CCP, control 
eyes had small RMS and did not vary much (median RMS = 0.003 D2) for refractive state over 
the two measuring sessions (Figure 5.18, page 128).  
 The hypothesis tests on the differences in variance-covariances and means for refractive 
state over the two measuring sessions (Table 5.18, page 129) shows that the null hypothesis was 
rejected for half the sample with regards to the differences in variance-covariances and only 
three means (of 10) are not statistically different over the two sessions for eyes with KC. For 
control eyes (Table 5.19, page 130) four out of 10 variance-covariances were statistically 
different between the two sessions and only one mean out of 10 was not statistically different 
between the two sessions. Although some of these samples tested were significantly different 
between the two sessions, generally the differences were not large enough to be clinically 
significant. 
7.1.3 Pachymetry  
 To the best of the author’s knowledge, this is the first study to provide a detailed intra-
subject analysis of short-term variation of 40 consecutive pachymetry measurements taken at 
three specific locations (central corneal thickness, apical corneal thickness and thinnest corneal 
thickness) for both 28 KC and 28 age-related control eyes. As would be expected, eyes with KC 
had thinner corneas overall and corneal thickness decreased as KC severity increased (Figures 
6.3-6.8, see even numbered pages 138-148). On closer inspection of the standard deviations for 
thicknesses given for each eye (Tables 6.4-6.9, see odd numbered pages 139-149) at the different 
corneal locations it was noted that variation within eyes with KC appeared to be greater than that 
within control eyes. However, to the contrary, box plots (Figure 6.9, page 150) indicated slightly 
greater variation of mean pachymetry in control eyes (Table 6.10, page 151). Meyer et al. (2017) 
also found that pachymetric variation was greater in eyes with KC. Amiri et al. (2017) found that 
repeatability of pachymetry measurements decreased with increasing severity KC. Measurements 
at all three locations appeared to vary similarly for each test group and a Student t-test (Table 
6.11, page 151) confirmed that pachymetry means for eyes with KC were significantly different 
than for control eyes at each of the three measurement locations.  
 Box plots (Figure 6.10, page 153) were used to illustrate the differences in means and 
standard deviations between the two measuring sessions for all three corneal locations. Within 
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groups, KC or controls, the means for each session appeared similar and paired t-tests (Table 
6.13, page 154) confirmed that there was no significant difference in inter-session means at each 
of the specified locations which is in agreement with other studies done by Güler et al. (2014), 
Xu et al. (2016) and Otchere and Sorbara (2017) all of whom found good reliability of 
pachymetry measurements for healthy controls and eyes with KC in their respective studies.  
 Further analysis on the differences between the two measuring sessions for pachymetry 
were done with the aid of Bland-Altman plots (Figures 6.11-6.13, pages 157-159) for the most 
severely affected eye with KC (k5) that was measured over two sessions, the mildest eye with 
KC (k3) and one control eye (c2). The agreement between the two sessions appears to decrease 
with the increasing severity of KC as evidenced by k5 displaying the largest width for LoA 
(Tables 6.14-6.16, pages 160-161). Although control eye c2 had thinner corneas than the mildest 
KC eye, k3 still exhibited more variation between the two sessions. Some variables (Tables 6.14-
6.16) such as CR indicated that measurements taken on the control eye (c2) were more 
repeatable and less variable (sd for differences, for example) than those for the two eyes with KC 
even in the mildest case, albeit k3 having thicker pachymetry measurements than the control eye 
(c2). 
Table 7.1. Summary of other research similar to or relating to some extent to that within this thesis. 
Authors Participants 
 
(Mean Age ± sd) 
Methods/variables Findings 
Raasch et al.  
(2001) 
129 eyes (severity 
not graded) with 
KC 
 
40 healthy myopic 
eyes 
 
(ages not stated) 
Non-cycloplegic 
subjective 
refraction 
 
 
 
 
 
 
 
 
 Subjective refraction was 
converted to vector powers 
made up of vector components 
(J0 and J45) and the mean 
power or spherical equivalent 
(M). 
 The median subjective 
refraction was compared over 
two testing sessions. The 
differences were found to be 4-
6 times greater in the KC 
group compared to the control 
group. 
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Chen and Lam  
(2009) 
39 healthy eyes 
 
(22.3 ± 1.9 years)  
 
Anterior and 
posterior corneal 
curvature 
 
(Pentacam) 
 Keratometric measurements 
were converted to vector 
powers J0, J45 and M.  
 Whilst all parameters were 
shown to have good reliability, 
J0, J45 was less reliable for the 
posterior surface only. 
 
Montalbán et 
al. 
(2013a) 
61 eyes (severity 
not graded) with 
KC  
 
(35: range 14 - 64 
years) 
Anterior and 
posterior corneal 
curvature, CCT 
and MCT 
(minimum corneal 
thickness) 
 
(Sirius) 
 Keratometric measurements 
were converted to vector 
powers, which were made up 
of vector components (J0 and 
J45) and the overall strength 
blur (B).  
 Good intra-subject 
repeatability was found for all 
variables except for the 
posterior curvature component 
vector J0 which exhibited 
reduced repeatability.  
 Pachymetry measurements 
(CCT and MCT) varied less 
than 4 μm, which was 
considered clinically 
insignificant.  
 
Sideroudi et al.  
(2013) 
33 eyes (severity 
not graded) with 
KC 
 
34 cross-linked eyes 
(severity not 
graded)  with KC 
62 healthy eyes 
(ages not stated) 
 
Posterior corneal 
curvature  
 
(Pentacam) 
 Posterior corneal curvature 
measurements along flat and 
steep meridians were found to 
be both repeatable and 
reproducible for all participant 
groups. 
 
Flynn et al.  
(2016) 
96 eyes with KC: 
severity graded 
according to 
Amsler-Krumeich 
 
(33.33: range 18 - 
61 years) 
Anterior corneal 
curvature and TCT 
 
(Pentacam) 
 Keratometric measurements 
were analysed conventionally, 
that is, individually along the 
flat and steep meridians. 
 They found that reliability of 
measurements decreased as the 
severity of KC increased. 
 
Amiri et al. 
(2017) 
74 eyes of 42 KC 
patients: severity 
graded according to 
Kmax 
measurements  
(27.5 ± 6.1 years)  
CCT 
 
(Orbscan and 
Pentacam) 
 The inter-subject repeatability 
of CCT measurements 
decreases as KC increases in 
severity.  
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Kosekahya et 
al. 
(2018) 
100 eyes with KC: 
severity graded 
according to 
Pentacam grading 
system 
 
(26.06 ± 7.25 years)  
 
100 healthy eyes 
 
(23.78 ± 9.23 years)  
 
Kmax 
 
(Pentacam) 
 Maximum keratometry 
readings were found to have 
good reliability for all groups, 
however, repeatability 
decreased as KC severity 
increased.  
 
In summary, some original and important findings from this thesis include: 
1. Eyes with KC predominantly exhibited similar amounts of stigmatic and/or astigmatic or 
antistigmatic variation in keratometric measurements for both intra-session and inter-
session measurements whilst control eyes generally exhibited much smaller amounts of 
variation that was predominantly stigmatic in nature.  
2. Eyes with KC vary about seven times more in non-cycloplegic refractive state (measured 
with auto-refraction) than for CCP whereas control eyes vary similarly for both types of 
measurements. 
3. The variation of pachymetry measurements rather than the measurement itself may have 
greater value in differentiating early keratoconus from healthy eyes. 
4. Contrary to general belief, short-term variation in dioptric power (whether CCP or 
refractive state) requires more than simply three measures for an eye and this thesis 
provides ample examples of methodology to better understand such variation in eyes with 
or without KC. This would also extend to even more complicated concerns such as long-
term variation of dioptric power in eyes with or without KC. 
5. Although there are naturally some limitations that should be taken into consideration, this 
study is unique in terms of its analysis of short-term variation of dioptric power in regard 
to both KC and control groups. Not too many studies have previously compared KC to 
controls in terms of this research issue and even fewer have used the types of analytical 
methods as used herein.  
6. RMS of differences of variances is a novel index in this context and its use has been 
demonstrated in this thesis. This quantity could have potential applications with regard to 
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KC and its progression. (RMS could also be applied to differences of ellipsoidal 
volumes.) 
7. Volumes of distribution and/or confidence ellipsoids could become important in early 
diagnosis of KC and possibly in monitoring disease progression. 
8. Polar profiles of variance have been shown to be an essential method to completely 
understand and represent variation across all meridians of one or more eyes. This could 
be applied to studies involving both the long-term or short-term analysis of variation of 
dioptric power in KC.    
 
7.2 Possible limitations of the study 
1. While the sample size was acceptable to evaluate intra-subject variation as explained 
previously within the thesis, a larger number of participants would have made it possible 
to use other statistical methods and tests such as perhaps inter-participant correlation 
analysis between parameters such as variance and severity of KC for example. 
Unfortunately, due to time constraints it was not possible to recruit more participants. 
Participants for the KC group were recruited from the specialty contact lens clinic at the 
University of Johannesburg (UJ). The university clinic is a public community clinic that 
serves predominantly the underprivileged therefore the KC patients that attend the clinic 
are usually in the moderate to severe stages of KC and some measurements (for example, 
auto-refraction) could not always be acquired on many of them due to their excessively 
distorted corneas. This was a contributing factor to the relatively low number of 
participants that ultimately were eligible for the study. 
2. Random sampling, although generally preferable, was not possible here as KC 
participants were recruited via convenience sampling as mentioned above and control 
participants of similar age were recruited from the student population at UJ. Although 
this sort of convenience sampling does not allow for the general characteristics of the 
broader population (such as ethnicity, gender and age) to be fully represented, it is 
unlikely that this potential limitation in the sampling methodology had a significant 
impact on the results of a study of this nature. But, the KC sample was clinically biased 
as mentioned. 
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3. The right eye for all control participants was used for no other reason other than it was 
convenient to do so. Where it was possible to acquire measurements from both eyes in 
KC participants then both sets of data were included in the analysis due to the limited 
number of KC participants that were eligible for recruitment. Ordinarily, in healthy eyes, 
this would lead to issues of laterality and mirror symmetry, however, in the case of eyes 
with KC it may be less of an issue because the two eyes of a keratoconic patient are often 
rather disparate. Albeit probably a minor limitation, it is still necessary to mention this 
factor.  
4. Although care was taken to keep measuring conditions similar for all participants (and all 
measurements of the variable of interest, namely, CCP, auto-refraction and pachymetry 
were obtained in the same research room), slight fluctuations in ambient lighting, fatigue 
levels, blinking, tear layer inconsistencies and so on were unavoidable and could be 
considered as minor limitations to this study.  
5. Another possible minor limitation of the study is the regular calibration of the 
instruments used. Although the instruments were calibrated and serviced before data 
collection commenced, it was not done during the data collection period.       
 
7.3 Strengths of the study 
1. Intra-subject repeatability studies and reproducibility studies are generally done with an 
average of only three to five measurements per eye. This is the first study of this nature to 
evaluate 40 consecutive measurements in eyes with KC (along with a control sample) 
over two measuring sessions. Analysing intra-subject variation highlighted that variation 
that occurs in individual eyes with KC can sometimes be more than 2 D for keratometric 
measurements and more than 6 D for refractive measurements. These variations in 
measurements occurred over an approximately 30 minute period and are therefore 
important to consider when tracking disease progression over a long time interval.   
2. This study is also unique in that it makes use of both multivariate and univariate statistics 
and methods such as stereo-pairs, surfaces of constant probability density and polar 
profiles of variance in the analysis of data. Multivariate statistics is especially pertinent 
when investigating keratometric and refractive power data, which is fundamentally 
trivariate in nature. Keratometric and refractive data were represented in their entirety, 
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that is, all three components of sphere, cylinder and axis were used to plot data on three-
dimensional stereo-pairs that have distinct advantages, for data visualisation and 
quantitative analysis in comparison to other methods that use vector analysis in 2-
dimensional space only. The multivariate tools employed in this comprehensive statistical 
analysis of dioptric power for keratoconic eyes has never been done before and this thesis 
thus provides new insights and knowledge in terms of intra-individual variation of CCP 
and refractive state in KC in relation to age-related controls.  
3. Multivariate statistics and the analysis herein has highlighted new parameters that should 
be investigated further and perhaps over time could lead to the development of new 
diagnostic indices for the early detection of KC. Some of these indices might include the 
relationship between stigmatic and antistigmatic variance and how that changes with 
increasing degrees of severity of KC and perhaps the variation of pachymetry 
measurements, rather than the actual thickness of the cornea itself, with increasing 
severity of KC.  
4. The impact and necessity of using multivariate statistics and methods for the analysis of 
keratometric and refractive power have been illustrated throughout this thesis and it is 
paramount that dioptric power should be analysed in its entirety, that is, sphere, cylinder 
and axis should be analysed as a single holistic concept. Although some of the methods 
may seem complicated at first, they are essential to avoid possible errors in analysis and 
understanding that otherwise could occur with other methods sometimes used in research 
of this sort.  
 
7.4 Recommendations for future studies 
1. Larger and more diverse samples should be used so that participants can be analysed 
specifically according to the grade of KC and other variables also such as gender, age and 
ethnicity. This could help in finding new methods in differentiating early KC from 
healthy eyes.  
2. Further research using larger samples to establish more comprehensive normative data 
that represents the South African keratoconic population is necessary so that the South 
African keratoconic population can be compared effectively to other keratoconic 
populations.  
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3. Diagnostic indices for early detection of KC can be established using similar multivariate 
methods on other and possible larger and more diverse randomly selected samples.   
4. A comparison of auto-refraction and subjective refraction, with and without cycloplegia 
in KC and age-matched controls could be an interesting topic for further investigation. 
5. A similar study could be done using more than one auto-refractometer and one corneal 
topographer.  
6. Investigations of data normality, outliers and transformations of data particularly with 
regard to KC are topics that require further investigation. 
7. A comparison of corneal power across different locations (such as central, mid-peripheral 
and peripheral) in KC using similar methods as used herein could be useful. 
8. A study of inter-ocular variation of CCP and auto-refraction in KC would help better 
understand issues of mirror symmetry in relation to severity of KC. 
 
7.5 Conclusion 
 This thesis has demonstrated that eyes with KC exhibit greater intra-session (within 
individual eyes) and inter-session (as a group) variation in keratometric behaviour, refractive 
state and pachymetry measurements when compared to control eyes of similar age. This is in 
accordance with earlier studies, albeit that many differences in methods and sampling apply. The 
original findings herein concern the nature and extent of keratometric and refractive variation, 
which were found to be different in nature for eyes with KC in comparison to control eyes. 
Refractive variation was also found to be typically much greater than CCP variation within eyes 
with KC. As anticipated, pachymetry measurements were found to be more variable in eyes with 
KC than in control eyes. One noteworthy finding for pachymetry was that although the mildest 
KC eye had thicker pachymetry measurements than the control eye, it still exhibited more 
variation in intra-session and inter-session analysis, therefore variation may be a more valid 
diagnostic parameter for early KC rather than the thickness measurement itself, which is often 
relatively normal (approximately 500 μm) in early cases. However, this finding needs to be 
substantiated through further research, that includes a larger number of mild or forme fruste eyes 
with KC. These findings validate that caution should be taken when KC is being tracked for 
progression for various reasons such as, say, with treatments such as corneal cross-linking. It is 
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paramount that true or actual progression and changes in various parameters in KC be effectively 
differentiated from inherent short-term variation that may not be clinically significant.   
 Another valid outcome of this study is the necessity of including multivariate statistics 
and methodology in the evaluation of trivariate keratometric and refractive data. This thesis 
successfully demonstrates the use of multivariate methods and tools to analyse such trivariate 
data, namely, involving dioptric power and thereby provides new knowledge in relation to KC. It 
is believed that this thesis provides some important insights and ideas for future research into the 
nature of KC and its effects in regard specifically to dioptric power and its variation and analysis 
thereof.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
178 
 
CHAPTER 8: REFERENCES 
 
Abolbashari F, Mohidin N, Hosseini SMA, Ali BM, Retnasabapathy S. Anterior segment 
characteristics of keratoconus eyes in a sample of Asian population. Contact Lens & Anterior 
Eye, 2013 36(4) 191-195. 
 
Alió JL, Shabayek MH. Corneal higher order aberrations: a method to grade 
keratoconus. Journal of Refractive Surgery, 2006 22(6) 539-545. 
 
Amiri MA., Hashemi H., Ramin S, Yekta A, Taheri A, Nabovati P, Khabazkhoob M. Corneal 
thickness measurements with Scheimpflug and slit scanning imaging techniques in 
keratoconus. Journal of Current Ophthalmology, 2017 29(1) 23-27. 
 
Anderson R, Martin P. Oral contraceptives and eye changes. Transactions of the Pacific Coast 
Oto-Ophthalmological Society, 1971 50 137-146.* 
 
Aydin E, Demir HD, Demirturk F, Caliskan AC, Aytan Hakan, Erkorkmaz U. Corneal 
topographic changes in premenopausal and postmenopausal women. BMC Ophthalmology, 2007 
7, 9. http://doi.org/10.1186/1471-2415-7-9. 
 
Bae GH, Kim JR, Kim CH, Lim DH, Chung ES, Chung TY. Corneal topographic and 
tomographic analysis of fellow eyes in unilateral keratoconus patients using Pentacam. American 
Journal of Ophthalmology, 2014 157 103-109. 
 
Barr JT, Zadnik K, Wilson BS, Edrington TB, Everett DF, Fink BA, Shovlin JP, Weissman BA, 
Siegmund K, Gordon MO. Factors associated with corneal scarring in the Collaborative 
Longitudinal Evaluation of Keratoconus (CLEK) Study. Cornea, 2000 19 501-507. 
 
Barraquer-Somers E, Chang CC, Green WR. Corneal epithelial iron deposition. 
Ophthalmology, 1983 90 729-34. 
 
179 
 
Belin MW, Duncan J, Ambrosio R Jr, Gomes JAP. A new tomographic method of 
staging/classifying keratoconus: the ABCD grading system. International Journal of 
Keratoconus and Ectatic Corneal Disease, 2015 4 85-93. 
 
Blendowske R. Hans-Heinrich Fick: early contributions to the theory of astigmatic systems. The 
South African Optometrist, 2003 62 105-10. 
 
Bron AJ. Keratoconus: The disease. Journal of the British Contact Lens Association, 1984 7 56-
62. 
 
Bullimore, M. A. Fusaro, R. E. Adams, C. W. The repeatability of automated and clinician 
refraction. Optometry and Vision Science, 1998 75(8) 617-622. 
 
Cain MK, Zhang Z, Yuan KH. Univariate and multivariate skewness and kurtosis for measuring 
nonnormality: Prevalence, influence and estimation. Behaviour Research Methods, 2017 49(5) 
1716-1735. 
 
Chen D, Lam AKC. Reliability and repeatability of the Pentacam on corneal curvatures. Clinical 
and Experimental Optometry, 2009 92 110-118. 
 
Chetty E. Precision of anterior and posterior corneal curvature measurements taken with the 
Oculus Pentacam. African Vision and Eye Health, 2016 75(1):a329 
https://doi.org/10.4102/aveh.v75i1.329. 
 
Crawford AZ, Patel DV, McGhee CNJ. Comparison and repeatability of keratometric and 
corneal power measurements obtained by Orbscan II, Pentacam, and Galilei corneal tomography 
systems. American Journal of Ophthalmology, 2013 156 53-60. 
 
Cronje-Dunn S. Short-Term Keratometric Variation in the Human Eye. Masters dissertation, 
Rand Afrikaans University, Johannesburg, South Africa, 1995. 
 
180 
 
Cronje-Dunn S, Harris WF. Keratometric variation: the influence of a fluid layer. Ophthalmic 
and Physiological Optics, 1996 16 234-236. 
 
Cronje S, Harris WF. A comparison of keratometric variation in manual and automatic 
keratometry. The South African Optometrist, 1999 58 31-39. 
 
Davis LJ, Schechtman KB, Begley CG, Shin JA, K Zadnik, TCS. Repeatability of refraction and 
corrected visual acuity in keratoconus. Optometry and Vision Science, 1998 75 887-896. 
 
De la Parra-Colín P, Garza-León M, Barrientos-Gutierrez T. Repeatability and comparability of 
anterior segment biometry obtained by the Sirius and the Pentacam analyzers. International 
Ophthalmology, 2014 34 27-33. 
 
Du Toit I. The Effect of Physical Exercise on Keratometric Variation in the Human Eye. Masters 
dissertation, Rand Afrikaans University, Johannesburg, South Africa, 2001. 
 
Emre S, Doganay S, Yologlu S. Evaluation of anterior segment parameters in keratoconic eyes 
measured with the Pentacam system. Journal of Cataract & Refractive Surgery, 2007 33(10) 
1708-1712. 
 
Epstein RL, Chiu YL, Epstein GL. Pentacam HR criteria for curvature change in keratoconus 
and postoperative LASIK ectasia. Journal of Refractive Surgery, 2012 28(12) 890-894. 
 
Fam HB, Lim KL. Corneal elevation indices in normal and keratoconic eyes. Journal of 
Cataract and Refractive Surgery, 2006 32(8) 1281-1287. 
 
Fleischer, B. "Über Keratokonus und eigenartige Pigmentbildung in der Kornea". Münchener 
Medizinische Wochenschrift, 1906 53 625-626.* 
 
181 
 
Flynn TH, Sharma DP, Bunce C, Wilkins MR. Differential precision of corneal Pentacam HR 
measurements in early and advanced keratoconus. British Journal of Ophthalmology, 2016 
100(9) 1183-1187. 
 
Fournié P, Galiacy SD, Malecaze F. Modern Pathogenesis of Keratoconus: Genomics and 
Proteomics. Chapter 2. In: Alió JL, editor. Keratoconus: recent advances in diagnosis and 
treatment. 1st ed. Part of the series: Essentials in Ophthalmology. Switzerland: Springer 
International Publishing; 2017. pp. 7-12. 
 
Galvis V, Sherwin T, Tello A, Merayo J, Barrera R, Acera A. Keratoconus: an inflammatory 
disorder? Eye, 2015 29 843-859. 
 
Gillan WDH. The Effects of Light and Dark Conditions on Refractive Behaviour. DPhil thesis, 
Rand Afrikaans University, Johannesburg, South Africa, 2004. 
 
Gillan WDH. Variation in surface power and thickness of a moderately keratoconic cornea. The 
South African Optometrist, 2008 67 4-10.  
 
Giráldez-Fernandez MJ, Diaz-Rey A, Garcia-Resua C, Yebra-Pimental, Vilar E. Diurnal 
variations of central and paracentral corneal thickness and curvature. Archivos de la Sociedad 
Española de Oftalmología, 2008 83 183-192. 
 
Gokul A, Vellara HR, Patel DV. Advanced anterior segment imaging in keratoconus: a review. 
Clinical and Experimental Ophthalmology, 2018 46(2) 122-32. 
 
Gomes JA, Tan D, Rapuano CJ, Belin MW, Ambrósio Jr R, Guell JL, Malecaze F, Nishida K, 
Sangwan VS. Global consensus on keratoconus and ectatic disease. Cornea, 2015 34 359-369. 
 
Güler E, Yağci R, Akyol M, Arslanyilmaz Z, Balci M, Hepsen IF. Repeatability and 
reproducibility of Galilei measurements in normal keratoconic and postrefractive corneas. 
Contact Lens and Anterior Eye, 2014 37 331-336. 
182 
 
Grzybowski, A, McGhee, C.N. The early history of keratoconus prior to Nottingham's landmark 
1854 treatise on conical cornea: a review. Clinical and Experimental Optometry, 2013 96(2) 
140-145. 
 
Hair JF Jr, Black WC, Babin BJ, Anderson RE. Multivariate Data Analysis: A Global 
Perspective. New Jersey: Pearson, 2010. 
 
Harris WF. The matrix representation of dioptric power. Part 1: an introduction. The South 
African Optometrist, 1988a 44 19-23. 
 
Harris WF. Algebra of sphero-cylinders and refractive errors, and their means, variance, and 
standard deviation. American Journal of Optometry and Physiological Optics, 1988b 65 794-
802. 
 
Harris WF. Squaring the sphero-cylinder, the equivalent of squaring the refractive power matrix. 
Ophthalmic and Physiological Optics, 1988c 8 458-459. 
 
Harris WF. The matrix representation of dioptric power. Part 2: adding obliquely-crossed sphero-
cylinders. The South African Optometrist, 1989a 48 22-24. 
 
Harris WF. The matrix representation of dioptric power. Part 3: the average refractive error. The 
South African Optometrist, 1989b 48 81-88. 
 
Harris WF. Simplified rational representation of dioptric power. Ophthalmic and Physiological 
Optics, 1989c 9 455. 
 
Harris WF. The mean and variance of samples of dioptric powers: the basic  
calculations. Clinical and Experimental Optometry, 1990a 73 89-92. 
 
Harris WF. Elements of the dioptric power matrix and the concept of torsional power: a 
reinterpretation. Optometry and Vision Science, 1990b 67 36-37. 
183 
 
Harris WF. Direct, vec and other squares, and sample variance-covariance of dioptric power. 
Ophthalmic and Physiological Optics, 1990c 10 72-80. 
 
Harris WF. Mean of a sample of equivalent dioptric powers. Optometry and Vision Science, 
1990d 67 359-360. 
 
Harris WF. Statistical inference on mean dioptric power: hypothesis testing and confidence 
regions. Ophthalmic and Physiological Optics, 1990e 10 363-372. 
 
Harris WF. Representation of dioptric power in Euclidean 3-space. Ophthalmic and 
Physiological Optics, 1991a 11 130-136. 
 
Harris WF. Statistical inference on mean dioptric power: asymmetric powers and singular 
covariance. Ophthalmic and Physiological Optics, 1991b 11 263-269. 
 
Harris WF. Meridional profiles of variance-covariance of dioptric power part 1. The basic 
theory. Ophthalmic and Physiological Optics, 1992a 12 467-470. 
 
Harris WF. Testing hypotheses on dioptric power. Optometry and Vision Science, 1992b 69 835-
845. 
 
Harris WF. Keating’s asymmetric dioptric power matrices expressed in terms of sphere, cylinder, 
axis and asymmetry. Optometry and Vision Science, 1993 70 666-667. 
 
Harris WF. Dioptric power: its nature and its representation in three- and four- dimensional 
space. Optometry and Vision Science, 1997 74 349-366. 
 
Harris WF. Astigmatism. Ophthalmic and Physiological Optics, 2000 20 11-30. 
 
Harris WF. Clinical measurement, artefact, and data analysis in dioptric power space. Optometry 
and Vision Science, 2001 78 839-845. 
184 
 
Harris WF. Reduction of artefact in scatter plots of spherocylindrical data. Ophthalmic and 
Physiological Optics, 2005 25 13-17. 
 
Harris WF. Power vectors versus power matrices, and the mathematical nature of dioptric power. 
Optometry and Vision Science, 2007 84 1060-1063. 
 
Harris WF, Malan DJ, Rubin A. The distribution of dioptric power: ellipsoids of constant 
probability density. Ophthalmic and Physiological Optics, 1991a 11 381-384. 
 
Harris WF, Malan DJ, Rubin A. Ellipsoidal confidence regions for mean refractive state. 
Optometry and Vision Science, 1991b 68 950-953. 
 
Hashemi, H., Beiranvand, A., Yekta, A., Maleki, A., Yazdani, N., Khabazkhoob, M. Pentacam 
top indices for diagnosing subclinical and definite keratoconus. Journal of Current 
Ophthalmology, 2016 28 21-26. 
 
Hashemi H, Mehravaran S, Rezvan F. Changes in corneal thickness, curvature and anterior 
chamber depth during the menstrual cycle. Canadian Journal of Ophthalmology, 2010 45 67-70. 
 
Hernández-Camarena JC, Chirinos-Saldaña P, Navas A, Ramirez-Miranda A, de la Mota A,  
Jimenez-Corona A, Graue-Hernández EO. Repeatability, reproducibility, and agreement between 
three different Scheimpflug systems in measuring corneal and anterior segment 
biometry. Journal of Refractive Surgery, 2014 30 616-621. 
 
ISO 5725 (1994), Accuracy (trueness and precision) of measurement methods and result - Part 1: 
General principles and definitions.  
 
Jain R. Pentacam: Principle and clinical applications. Journal of Current Glaucoma Practice, 
2009 3 20-32. 
 
185 
 
Keating MP. An easier method to obtain sphere, cylinder and axis from an off-axis dioptric 
power matrix. American Journal of Optometry and Physiological Optics, 1980 57 734-737. 
 
 Keating MP. A system matrix for astigmatic optical systems: introduction and dioptric power 
relations. American Journal of Optometry and Physiological Optics, 1981 58 810-819. 
 
Keating MP. On the use of matrices for the mean value of refractive errors. Ophthalmic and 
Physiological Optics, 1983 3 201-203. 
 
Kiely PM, Carney LG, Smith G. Diurnal variations of corneal topography and thickness. 
American Journal of Optometry and Physiological Optics, 1982 59 976-982. 
 
Kiely PM, Carney LG, Smith G. Menstrual cycle variations of corneal topography and thickness. 
American Journal of Optometry and Physiological Optics, 1983 60 822-829. 
 
Kim W-J, Rabinowitz  YS, Wilson  SE. Keratocyte apoptosis associated with 
keratoconus. Experimental Eye Research, 1999 69 475-481. 
 
Kosekahya P, Koc M, Caglayan M, Kiziltoprak H, Atilgan CU, Yilmazbas P. Repeatability and 
reliability of ectasia display and topometric indices with the Scheimpflug system in normal and 
keratoconic eyes. Journal of Cataract and Refractive Surgery, 2018 44(1) 63-70.  
 
Kovács I, Miháltz K, Németh J, Nagy ZZ. Anterior chamber characteristics of keratoconus 
assessed by rotating Scheimpflug imaging. Journal of Cataract & Refractive Surgery, 2010 
36(7) 1101-1106. 
 
Krachmer JH, Feder RS, Belin MW. Keratoconus and related noninflammatory corneal thinning 
disorders. Survey of Ophthalmology, 1984 28 293-322. 
 
Laursen JVN, Jeppesen P, Olsen T. Precision of 5 different keratometry devices. International 
Ophthalmology, 2015 36(1)17-20.  
186 
 
Lawless M, Coster DJ, Phillips AJ, Loane M. Keratoconus: diagnosis and 
management. Australian and New Zealand Journal of Ophthalmology, 1989 17 33-44. 
 
Lema I, Durán JA. Inflammatory molecules in the tears of patients with keratoconus. 
Ophthalmology, 2005 112 654-659. 
 
Long WF. A matrix formalisation for decentration problems. American Journal of Optometry 
and Physiological Optics, 1976 53 27-33.   
 
Lopes BT, Ramos IC, Dawson DG, Belin MW, Ambrósio R. Detection of ectatic corneal 
diseases based on Pentacam. Zeitschrift fur Medizinische Physik, 2016 26(2) 136-42. 
 
Malan DJ. Applying the dioptric power matrix: computer programmes for practical calculations. 
The South African Optometrist, 1989 48 89-90. 
 
Malan DJ. Computer programme for calculating mean refractive error. The South African 
Optometrist, 1990 49 83-85. 
 
Malan DJ. Dioptric power data analysis: computer implementation of graphical methods with 
clinical examples. The South African Optometrist, 1993 52 84-90. 
 
Martin R, Jonuscheit S, Rio-Cristobal A, Doughty MJ. Repeatability of Pentacam peripheral 
corneal thickness measurements. Contact Lens and Anterior Eye, 2015 38(6) 424-429. 
 
Mas-Aixala E, Gispets J, Lupón, N, Cardona G, The variability of corneal and 
anterior segment parameters in keratoconus, Contact Lens and Anterior Eye, 2016 39 
466-470. 
 
Mathebula SD. Quantitative Analysis of the Linear Optical Character of the Anterior Segment of 
the Eye. DPhil thesis, University of Johannesburg, Johannesburg, South Africa, 2009.  
 
187 
 
Mathebula SD, Rubin A. Autorefraction and anterior and posterior keratometric measurements in 
symmetric dioptric power space: short term variation for a single subject. The South African 
Optometrist 2008a 67 21-35. 
 
Mathebula SD, Rubin A. Repeatability of measurements made with a Nidek autokeratometer 
ARK-700 on a test eye. The South African Optometrist 2008b 67 77-85. 
 
McAlinden C, Khadka J, Pesudovs K. Statistical methods for conducting agreement (comparison 
of clinical tests) and precision (repeatability or reproducibility) studies in optometry and 
ophthalmology. Ophthalmic and Physiological Optics, 2011 31 330-338. 
 
McMahon TT, Szczotka-Flynn L, Barr JT, et al. A new method for grading the severity of 
keratoconus: the Keratoconus Severity Score (KSS). Cornea, 2006 25 794-800. 
 
Meek KM, Tuft SJ, Huang YF, Gill PS, Hayes S, Newton RH, Bron AJ. 
Changes in collagen orientation and distribution in keratoconus corneas. Investigative 
Ophthalmology and Vision Science, 2005 46 1948-1956. 
 
Meyer JJ, Gokul A, Vellara HR, Prime Z, Mcghee CNJ. Repeatability and agreement of Orbscan 
II, Pentacam HR, and Galilei tomography systems in corneas with keratoconus. American 
Journal of Ophthalmology, 2017 175 122-128. 
 
Millodot M, Owens H. Sensitivity and fragility in keratoconus. Acta Ophthalmology, 1983 61 
908-917. 
 
Montalbán R, Alio JL, Javaloy J, Piñero DP. Comparative analysis of the relationship between 
anterior and posterior corneal shape analyzed by Scheimpflug photography in normal and 
keratoconus eyes. Graefes Archive for Clinical and Experimental Ophthalmology, 2013a 251 
1547-1555. 
 
188 
 
Montalbán R Alió JL Javaloy J Piñero DP. Intrasubject repeatability in keratoconus-eye 
measurements obtained with a new Scheimpflug photography-based system. Journal of Cataract 
and Refractive Surgery, 2013b 39 211-218. 
 
Muftuoglu O, Ayar O, Ozulken K, Ozyol E, Akıncı A. Posterior corneal elevation and back 
difference corneal elevation in diagnosing forme fruste keratoconus in the fellow eyes of 
unilateral keratoconus patients. Journal of Cataract and Refractive Surgery, 2013 39(9) 1348-
1357. 
 
Nakagawa T, Maeda N, Higashiura R, Hori Y, Inoue T, Nishida K. Corneal topographic analysis 
in patients with keratoconus using 3-dimensional anterior segment optical coherence 
tomography. Journal of Cataract & Refractive Surgery, 2011 37(10) 1871-1878. 
 
Oliver KM, Walsh G, Tomlinson A, McFadyen A, Hemenger RP. Effect of the menstrual cycle 
on corneal curvature. Ophthalmic and Physiological Optics 1996 16 467-473. 
 
Otchere H, Sorbara L. Repeatability of topographic corneal thickness in keratoconus comparing 
Visante™ OCT and Oculus Pentacam HR® topographer. Contact Lens and Anterior Eye, 2017 
40(4) 217-223. 
 
Ozgurhan EB, Kara N, Yildırım A, Bozkurt E, Uslu H, Demirok A. Evaluation of corneal 
microstructure in keratoconus: a confocal microscopy study. American Journal of 
Ophthalmology, 2013 156(5) 885-893. 
 
Pentacam instrument manual: measurement and evaluation system for the anterior segment of the 
eye. Oculus 70700: Wetzlar, Germany, March 2005.  
 
Piñero DP, Alió JL, Alesón A, Vergara M E, Miranda M. Corneal volume, pachymetry, and 
correlation of anterior and posterior corneal shape in subclinical and different stages of clinical 
keratoconus. Journal of Cataract and Refractive Surgery, 2010a 36(5) 814-825. 
 
189 
 
Piñero DP, Alió JL, Barraquer RI, Michael R, Jiménez R. Corneal biomechanics, refraction, and 
corneal aberrometry in keratoconus: an integrated study. Investigative Ophthalmology & Visual 
Science, 2010b 51(4) 1948-1955. 
 
Piñero DP, Cabezos L, López-Navarro A, de Fez D, Caballero MT, Camps VJ. Intrasession 
repeatability of ocular anatomical measurements obtained with a multidiagnostic device in 
healthy eyes. BMC Ophthalmology, 2017 193 http://doi.org/10.1186/s12886-017-0589-x. 
 
Piñero DP, Martínez-Abad A, Soto-Negro R, Ruiz-Fortes P, Pérez-Cambrodí RJ, Ariza-Gracia 
MA, Carracedo G. Differences in corneo-scleral topographic profile between healthy and 
keratoconus corneas. Contact Lens and Anterior Eye, 2019, 42(1) 75-84. 
 
Polack F. Contribution of electron microscopy to the study of corneal pathology. Survey of 
Ophthalmology, 1976 20 375-414.  
 
Prakash G, Srivastava D. Single session, intrauser repeatability of anterior chamber biometric 
and corneal pachy-volumetric parameters using a new Scheimpflug+Placido device. Journal of 
Optometry, 2016 9 85-92. 
 
Raasch TW, Schechtman KB, Davis LJ, Zadnik K Group CS. Repeatability of subjective 
refraction in myopic and keratoconic subjects: results of vector analysis. Ophthalmic and 
Physiological Optics, 2001 21 376-383. 
 
Rabinowitz YS. Keratoconus. Survey of Ophthalmology, 1998 42 297-319. 
 
Rabinowitz YS, McDonnell PJ. Computer-assisted corneal topography in keratoconus. 
Refractive and Corneal Surgery, 1989 5(6) 400-408. 
 
Ramirez-Miranda A, de la Mota A, Jimenez-Corona A, Graue-Hernindez EO. Repeatability, 
reproducibility, and agreement between three different Scheimpflug systems in measuring 
corneal and anterior segment biometry. Journal of Refractive Surgery, 2014 30 616-621. 
190 
 
Read SA, Collins MJ. Diurnal variation of corneal shape and thickness. Optometry and Vision 
Science 2009 86 170-180. 
 
Reddy JC, Rapuano CJ, Cater JR, Suri K, Nagra PK, Hammersmith KM. Comparative 
evaluation of dual Scheimpflug imaging parameters in keratoconus, early keratoconus, and 
normal eyes. Journal of Cataract and Refractive Surgery, 2014 40(4) 582-592. 
 
Romero-Jiménez M, Santodomingo-Rubido J, Wolffsohn JS. Keratoconus: a review. Contact 
Lens and Anterior Eye, 2010 33(4) 157-166. 
 
Rubin A. Short-term Variation of Refractive Behaviour in Human Eyes. MPhil dissertation, 
1993, Rand Afrikaans University, Johannesburg, South Africa. 
 
Saunders H. The impossibility of squaring the sphero-cylinder. Ophthalmology and 
Physiological Optics, 1985 5 95. 
 
Schlegel Z, Hoang-Xuan T, Gatinel D. Comparison of and correlation between anterior and 
posterior corneal elevation maps in normal eyes and keratoconus-suspect eyes. Journal of 
Cataract and Refractive Surgery, 2008 34(5) 789-795. 
 
Shankar H, Taranath D, Santhirathelagan CT, Pesudovs K. Anterior segment biometry with the 
Pentacam: comprehensive assessment of repeatability of automated measurements.  Journal of 
Cataract and Refractive Surgery, 2008 34(1) 103-113. 
 
Shetty R, Arora V, Jayadev C, Nuijts RMMA, Kumar M, Puttaiah NK, Kummelil MK. 
Repeatability and agreement of three Scheimpflug-based imaging systems for measuring anterior 
segment parameters in keratoconus. Investigative Ophthalmology and Vision Science, 2014 55 
5263-5268. 
 
191 
 
Shetty R, Deshmukh R, Ghosh A, Sethu S, Jayadev C. Altered tear inflammatory profile in 
Indian keratoconus patients - The 2015 Col Rangachari Award Paper. Indian Journal of 
Ophthalmology, 2017a 65 1105-1108. 
 
Shetty R, Rao H, Khamar P, Sainani K, Vunnava K, Jayadev C, Kaweri L. Keratoconus 
screening indices and their diagnostic ability to distinguish normal from ectatic 
corneas. American Journal of Ophthalmology, 2017b 181 140-148. 
 
Sideroudi H, Labiris G, Ditzel F, Tsaragli F, Georgatzoglou K, Siganos H, Kozobolis V. 
Validation of Fourier analysis of videokeratographic data. International Ophthalmology, 2018 38 
1433-1440. 
 
Sideroudi H, Labiris G, Giarmoulakis A, Bougatsou N, Mikropoulos D, Kozobolis V. 
Repeatability, reliability and reproducibility of posterior curvature and wavefront aberrations in 
keratoconic and cross-linked corneas. Clinical and Experimental Optometry, 2013 96 547-556.  
 
Simo ML, Tromans C, O'Donnel C. An evaluation of corneal nerve morphology and function on 
moderate keratoconus. Contact Lens and Anterior Eye, 2005 28 185-192. 
 
Soeters N, Muijzer MB, Molenaar J, Godefrooij DA, Wisse RPL. Auto-refraction versus 
manifest refraction in patients with keratoconus. Journal of Refractive Surgery, 2018 34(1) 30-
34.  
 
Soni P. Effects of oral contraceptive steroids on corneal curvature. American Journal of 
Optometry and Physiological Optics, 1982 59 199-201. * 
 
Terrien F. Ectasie transitoire au tours du keratocone. Archives of Ophthalmology, 1906 26 9-12.*  
Thibos LN, Horner D. Power vector analysis of the optical outcomes of refractive surgery. 
Journal of Cataract and Refractive Surgery, 2001 27 80-85. 
 
 
192 
 
Thibos LN, Wheeler W, Horner D. Power vectors: an application of Fourier analysis to 
the description and statistical analysis of refractive error. Optometry and Vision Science, 1997 74 
367-375. 
 
Tomidokoro A, Oshika T, Amano S, Higaki S, Maeda N, Miyata K. Changes in anterior and 
posterior corneal curvatures in keratoconus. Ophthalmology, 2000 107(7) 1328-1332. 
 
Toprak I, Yaylali V, Yildirim C. A combination of topographic and pachymetric parameters in 
keratoconus diagnosis. Contact Lens and Anterior Eye, 2015 38(5) 357-62. 
 
Torquetti L, Ferrara G, Ferrara P. Correlation of anterior segment parameters in keratoconus 
patients. International Journal of Keratoconus and Ectatic Corneal Disease, 2012 1(2) 87-91. 
 
Tuft SJ, Hassan H, George S, Frazer DG, Willoughby CE, Liskova P. Keratoconus in 18 pairs of 
twins. Acta Ophthalmology, 2012 90(6) 482-486. 
 
Van Gool RD. Refractive Variation under Accommodative Demand. DPhil thesis: Rand 
Afrikaans University, Johannesburg 2000.  
 
Viswanathan D, Kumar NL, Males JJ, Graham SL. Comparative analysis of corneal 
measurements obtained from a Scheimpflug camera and an integrated Placido-optical coherence 
tomography device in normal and keratoconic eyes. Acta Ophthalmologica, 2015 93 488-494.  
 
Wagner H, Fink BA, Zadnik K. Sex- and gender-based differences in healthy and diseased eyes. 
Optometry, 2008 79 636-652. 
 
Wang Y, Rabinowitz YS, Rotter JI, Yang H. Genetic epidemiological study of keratoconus: 
evidence for major gene determination. American Journal of Medical Genetics, 2002 93 403-
409. 
 
193 
 
Xu Z, Peng M, Jiang J, Yang C, Zhu W, Lu F, Shen M . Reliability of Pentacam HR thickness 
maps of the entire cornea in normal, post-laser in situ keratomileusis, and keratoconus 
eyes. American Journal of Ophthalmology, 2016 162 74-82.  
 
Zadnik K, Barr JT, Edrington TB, Everett DF, Jameson M, McMahon TT et al. Baseline findings 
in the Collaborative Longitudinal Evaluation of Keratoconus (CLEK) Study. Investigative 
Ophthalmology and Vision Science, 1998 39 2537-2546. 
 
Zhang Z, Yuan KH. (2018) Practical statistical power analysis using webpower and R (Eds). 
Granger, IN: ISDSA Press. [https://webpower.psychstat.org]. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
194 
 
CHAPTER 9: APPENDICES  
 Page 
Appendix 1  
1.1 Information form 195 
1.2 Consent form 197 
1.3 Participant questionnaire  198 
  
Appendix 2  
2.1 Normality table for eyes with KC for CCP samples analysed in Session one 199 
2.2 Normality table for control eyes for CCP samples analysed in Session one 201 
2.3 Normality table for eyes with KC for auto-refraction samples analysed in Session one 204 
2.4 Normality table for control eyes  for auto-refraction samples analysed in Session one 206 
  
Appendix 3  
3.1 Appropriately scaled scatter plots for control eyes: CCP Session one 208-217 
3.2 Appropriately scaled scatter plots for control eyes: CCP Sessions one and two 218-223 
3.3 Polar profiles of variance for CCP: Session one 224-242 
3.4 Appropriately scaled scatter plots for control eyes: auto-refraction: Session one 243-249 
3.5 Appropriately scaled scatter plots for control eyes: auto-refraction: Sessions one and two 250-253 
3.6 Polar profiles of variance for auto-refraction: Session one 254-266 
  
Appendix 4  
4.1 Article in press: Preliminary demographics for patients with keratoconus attending a 
university-based clinic in Johannesburg, South Africa 
267-280 
4.2 Published peer reviewed articles originating from this study: Precision of anterior and 
posterior corneal curvature measurements taken with the Oculus Pentacam 
281-302 
 
195 
 
Appendix 1 
Appendix 1.1: Information form 
INFORMATION FOR PARTICIPANTS: 
My name is Elizabeth Chetty and I am currently conducting research for completion of my DPhil. 
in Optometry at the University of Johannesburg.  
You are invited to take part in the following research project: 
A multivariate analysis of short-term variation of keratometric behaviour, refractive state 
and pachymetry in keratoconic corneas 
The aim of the proposed study is to investigate the short-term variation of refractive state and 
keratometric behaviour in keratoconus patients. Participation in the study is on a voluntary basis 
and you are free to withdraw at any time without penalty. You are encouraged to ask questions, at 
any stage of the project, should you feel unclear about anything. Your participation will aid in 
further understanding of certain human visual functions, though you might not personally 
experience any direct advantage during the project. Non-invasive (topography and auto-refraction 
measurements) procedures are used for data collection and do not make use of any medications. 
No pain but minimal discomfort or fatigue might be experienced. The information obtained from 
you will be treated as confidential and will not be made available to others without your written 
consent but may be used in scientific papers or presentations and in the thesis but your 
confidentiality will be protected at all times. You are welcome to request any results pertaining to 
your involvement in this study should you be interested. 
 
Possible benefits and risks of the research project: 
Summary of project methods and routine: 
1) You will be required to complete a brief confidential questionnaire that mainly requests 
biographical details and other pertinent information relevant to the purposes of the study. 
2) Routine optometric test procedures (measurements of the quality of your vision and 
assessment of the health of your eyes) will be performed to assess whether you are a 
suitable subject for the proposed research project.  
3) If you are a suitable subject for the study as determined from the procedures in points 1 
and 2 above then the first set of auto-refractive and topographic measurements will be taken 
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before your eye test and the second set of measurements will be taken at an agreed time a 
week later. Each set of measurements should not take longer than 30 minutes. 
 
 No known risks are associated with this project. All testing methods that are used in data collection 
have been used commonly in optometric practice worldwide. You may experience slight fatigue 
during the measurement process but recovery should be rapid and without any side-effects. All 
procedures will be carried out by a qualified optometrist (the researcher). The benefits gained 
during the course of this study will enrich scientific knowledge of the human visual system 
particularly as it pertains to the cornea and keratoconus. You will thus be making an important 
contribution by participating in this research study. 
 
For any further queries you may contact me via email (echetty@uj.ac.za) or telephonically 
(011 559 6740). You may also contact my supervisor via email (arubin@uj.ac.za). 
 
I, ____________________________________________ hereby voluntarily consent to participate 
in the research project: A multivariate analysis of short-term variation of keratometric 
behaviour, refractive state and pachymetry in keratoconic corneas. 
 
Subject Name: __________________________________________ 
 
Signature of subject:       __________________________  Date: _______________ 
 
Signature of researcher:  __________________________  Date: _______________ 
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Appendix 1.2: Consent form 
CONSENT FORM:  
 
I have read and understood the information provided by the researcher relating to the objectives of 
the study and my participation therein. If I did not understand I was given time to ask questions 
and gain clarity of issues pertaining to the study and to what will be required of me. I understand 
that participation in this study is completely voluntary and that I may withdraw at any time without 
penalty.  
 
I am consciously aware that the results of this study are of a scientific nature and thus may be 
published in scientific papers. I agree to this, provided that my confidentiality is properly protected. 
Should I be interested in viewing any of the publications, the researcher agreed to make the 
relevant material available to me for inspection.  
 
I hereby fully consent to participate in this research project: 
 
 
 
__________________________________________ _____________________ 
Name of study participant      Signature 
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Appendix 1.3: Participant questionnaire 
PARTICIPANT QUESTIONNAIRE  
Sex: ____________________________Race: ________________________________ 
Date of birth and age: ___________________________________________________ 
General health: good/ fair/ poor: __________________________________________ 
Do you or a family member have glaucoma? ________________________________ 
Do you have any systemic conditions, such as diabetes, hypertension, hyperlipedemia, thyroid 
disease? _______________________________________________________ 
Do you take any medication regularly? If so, what medication/s and for which condition/s? 
__________________________________________________________ 
Do you wear spectacles and/ or contact lenses? _______________________________ 
If you wear contact lenses, how long have you been wearing them and what type do you use? 
_____________________________________________________________ 
Have you ever had ocular surgery? ________________________________________ 
If so, include details. ___________________________________________________ 
Do you have any history of ocular diseases? _________________________________ 
If so, include details. ___________________________________________________ 
Do you have any history of epilepsy or neural disorders, severe head trauma or severe medically 
diagnosed migraine attacks? _____________________________________ 
If so, include details. ___________________________________________________ 
Do you have any visual symptoms, such as double vision, flashes of light or fluctuating vision? 
_____________________________________________________ 
If so, how often (daily, weekly, less often)? _________________________________ 
How severe( intolerable, must stop visual activities, bearable)? __________________ 
Are the visual symptoms accompanied by headaches? _________________________ 
If so, how often and how severe? __________________________________________ 
What do you think is the origin of your visual symptoms and/ or headaches?  
_____________________________________________________________________ 
Any other comments that you feel might be relevant? 
_____________________________________________________________________ 
THANK YOU. YOUR PARTICIPATION IS GREATLY APPRECIATED.  
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Appendix 2 
Normality tables include the means and medians in both clinical and scientific notation as well as 
the multivariate skewness and kurtosis. If no skewing is present the value would be zero and for 
a trivariate and mesokurtic sample, kurtosis is 15 (that is, p(p+2) or 3(3+2) = 15.) Values greater 
than 15 would be leptokurtic. If the sample is not normally distributed the p-value is indicated in 
red.  
2.1 Normality table for eyes with KC for CCP samples analysed in Session one. 
Eye MEANS 
Scientific notation 
(Clinical notation) 
MEDIANS 
Scientific notation 
(Clinical notation) 
SKEWNESS 
b−value 
z−value 
(p−value) 
KURTOSIS 
b−value 
z−value 
(p−value) 
1 47.51I −0.57J −1.91K 
 
(49.51 / −3.98 × 127) 
 
47.52I −0.55J −1.91K 
 
(49.51 / −3.99 × 127) 
2.78 
18.6 
(0.05) 
15.2 
0.12 
(0.90) 
2 51.55I −1.08J −1.77K 
 
(53.63 / −4.16 × 119) 
 
51.51I −1.12J −1.75K 
 
(53.59 / −4.10 × 119) 
3.27 
21.77 
 (0.02) 
18.17 
1.83 
 (0.07) 
3 42.95I −0.56J −0.02K 
 
(43.51 / −1.11 × 91) 
42.93I −0.52J −0.04K 
 
(43.51 / −1.11 × 92) 
 
4.36 
29.06 
 (0.00) 
20.36 
3.10 
 (0.00) 
4 55.11I −1.65J −0.85K 
 
(56.97 / −3.72 × 104) 
 
55.12I −1.69J −0.88K 
 
(57.01 /  −3.78 × 104) 
1.51 
10.08 
 (0.43) 
15.62 
0.36 
 (0.72) 
5 55.98I −2.40J +0.12K 
 
(58.39 / −4.81 × 89) 
 
55.97I −2.39J +0.09K 
 
(58.44 / −4.86 × 89) 
0.84 
5.61 
 (0.85) 
15.06 
0.04 
 (0.97) 
6 47.65I −2.63J −1.72K 
 
(50.79 / −6.29 × 107) 
 
47.66I −2.68J −1.72K 
 
(50.85 / −6.34 × 106) 
3.98 
26.51 
 (0.00) 
19.24 
2.45 
 (0.01) 
7 48.05I −2.58J +1.40K 
 
(50.99 / −5.87 × 76) 
 
48.04I −2.59J +1.37K 
 
(51.00 / −5.92 × 76) 
2.49 
16.63 
 (0.08) 
14.57 
−0.25 
 (0.80) 
8 47.12I −1.70J +0.03K 
 
(48.83 / −3.41 × 89) 
 
47.15I −1.70J +0.00K 
 
(48.84 / −3.41 × 90) 
2.30 
15.35 
 (0.12) 
15.53 
0.31 
 (0.76) 
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9 47.51I −1.56J −1.76K 
 
(49.87 / −4.70 × 114) 
 
47.51I −1.57J −1.76K 
 
(49.85 / −4.71 × 114) 
2.49 
16.60 
 (0.08) 
17.20 
1.27 
 (0.20) 
10 53.74I −1.64J −2.25K 
 
(56.53 / −5.58 × 117) 
 
53.74I −1.61J −2.28K 
 
(56.52 / −5.58 × 117) 
3.45 
23.00 
 (0.01) 
16.29 
0.75 
 (0.45) 
11 48.04I −2.85J −1.57K 
 
(51.29 / −6.50 × 104) 
 
48.06I −2.85J −1.57K 
 
(51.28 / −6.46 × 104.5) 
3.04 
20.25 
 (0.03) 
15.45 
0.26 
 (0.79) 
12 48.53I −3.15J +0.62K 
 
(51.74 / −6.41 × 84) 
 
48.54I −3.23J +0.69K 
 
(51.73 / −6.46 × 84) 
2.33 
15.56 
 (0.11) 
16.21 
0.70 
 (0.48) 
13 52.93I −1.25J −0.16K 
 
(54.19 / −2.52 × 94) 
 
52.99I −1.24J −0.15K 
 
(54.24 / −2.56 × 93) 
4.55 
30.35 
 (0.00) 
16.69 
30.35 
 (0.33) 
14 46.75I −2.28J −1.45K 
 
(49.46 / −5.41 × 106) 
 
46.76I −2.28J −1.46K 
 
(49.45 / −5.41 × 106) 
1.93 
12.86 
 (0.23) 
17.39 
1.38 
 (0.17) 
15 50.94I −4.33J +2.56K 
 
(55.97 / −10.07 × 75) 
 
50.90I −4.37J +2.57K 
 
(55.98 / −10.10 × 75) 
2.63 
17.52 
 (0.06) 
17.40 
1.38 
 (0.17) 
16 49.66I −1.61J +1.23K 
 
(51.69 / −4.06 × 71) 
 
49.65I −1.64J +1.24K 
 
(51.70 / −4.10 × 71) 
2.60 
17.33 
 (0.07) 
16.18 
0.68 
 (0.50) 
17 47.39I −2.68J −0.61K 
 
(50.14 / −5.50 × 96) 
 
47.40I −2.70J −0.61K 
 
(50.15 / −5.49 × 96) 
2.29 
15.26 
 (0.12) 
15.48 
0.28 
 (0.78) 
18 53.52I −1.50J +1.65K 
 
(55.74 / −4.45 × 66) 
 
53.50I −1.50J +1.64K 
 
(55.75 / −4.45 × 66) 
0.82 
5.46 
 (0.86) 
13.22 
−1.03 
 (0.30) 
19 47.78I −1.89J −1.14K 
 
(49.99 / −4.42 × 106) 
 
47.79I −1.89J −1.16K 
 
(50.01 / −4.45 × 106) 
3.26 
21.75 
 (0.02) 
16.39 
0.80 
 (0.42) 
20 47.68I −1.82J +1.07K 
 
(49.79 / −4.23 × 75) 
 
47.67I −1.81J +1.07K 
 
(49.77 / −4.23 × 75) 
2.75 
18.22 
 (0.05) 
18.26 
1.88 
 (0.06) 
21 51.13I −4.06J −0.83K 
 
(55.28 / −8.29 × 96) 
51.18I −4.09J −0.86K 
 
(55.35 / −8.39 × 96) 
3.59 
23.90 
 (0.01) 
17.00 
1.13 
 (0.26) 
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22 56.09I −3.71J +1.27K 
 
(60.01 / −7.84 × 81) 
 
56.09I −3.76J +1.30K 
 
(60.10 / −7.90 × 80) 
1.86 
12.41 
 (0.26) 
16.22 
0.70 
 (0.48) 
23 45.29I −0.51J −0.87K 
 
(46.30 / −2.01 × 120) 
 
45.29I −0.50J −0.87K 
 
(46.31 / −1.99 × 120) 
1.37 
9.13 
 (0.52) 
14.26 
0.43 
 (0.67) 
24 48.44I −0.48J +1.40K 
 
(49.92 / −2.96 × 54) 
 
48.51I −0.47J +1.44K 
 
(49.99 / −3.06 × 55) 
12.25 
81.65 
 (0.00) 
27.54 
7.24 
 (0.00) 
25 54.27I −0.39J +0.24K 
 
(54.72 / −0.92 × 74) 
 
54.26I −0.38J +0.20K 
 
(54.64 / −0.81 × 75) 
4.35 
29.02 
 (0.00) 
21.29 
3.63 
 (0.00) 
26 47.59I −0.70J −0.77K 
 
(48.64 / −2.08 × 114) 
 
47.56I −0.69J −0.77K 
 
(48.62 / −2.08 × 114) 
10.66 
71.07 
 (0.00) 
26.43 
6.60 
 (0.00) 
27 49.13I −1.04J +0.76K 
 
(50.41 / −2.57 × 72) 
 
49.12I −1.04J +0.74K 
 
(50.41 / −2.54 × 72) 
4.31 
28.75 
 (0.00) 
20.32 
3.07 
 (0.00) 
28 56.14I −1.78J +0.89K 
 
(58.13 / −3.98 × 77) 
56.16I −1.81J +0.84K 
 
(58.16 / −4.00 × 78) 
7.51 
50.07 
 (0.00) 
22.90 
4.56 
 (0.00) 
 
2.2 Normality table for control eyes for CCP samples analysed in Session one. 
Eye MEANS 
Scientific notation 
(Clinical notation) 
MEDIANS 
Scientific notation 
(Clinical notation) 
SKEWNESS 
b−value 
z−value 
(p−value) 
KURTOSIS 
b−value 
z−value 
(p−value) 
1 43.83I −0.31J −0.27K 
 
(44.24 / −0.81 × 111) 
43.83I −0.31J −0.28K 
 
(44.24 / −0.82 × 111) 
 
0.92 
6.11 
(0.81) 
15.01 
0.00 
(1.00) 
2 45.05I −0.57J −0.09K 
 
(45.63 / −1.16 × 95) 
 
45.04I −0.59J −0.10K 
 
(45.61 / −1.15 × 95) 
2.63 
17.54 
(0.06) 
20.23 
3.02 
(0.00) 
3 40.68I −0.00J −0.25K 
 
(40.93 / −0.51 × 135) 
 
40.69I −0.01J −0.25K 
 
(40.93 / −0.49 × 134) 
1.17 
7.80 
(0.65) 
13.76 
−0.72 
(0.47) 
4 41.28I −0.18J +0.02K 
 
(41.47 / −0.36 × 86) 
41.29I −0.18J +0.03K 
 
(41.46 / −0.35 × 86) 
1.62 
10.77 
(0.38) 
14.95 
−0.03 
(0.98) 
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5 39.48I −0.24J −0.10K 
 
(39.74 / −0.52 × 102) 
 
39.46I −0.24J −0.11K 
 
(39.74 / −0.52 × 102) 
0.98 
6.51 
(0.77) 
13.53 
−0.85 
(0.39) 
6 44.23I −0.54J −0.03K 
 
(44.77 / −1.09 × 91) 
 
44.21I −0.53J −0.03K 
 
(44.76 / −1.04 × 92) 
3.45 
22.98 
(0.01) 
16.42 
0.82 
(0.41) 
7 42.20I −0.16J −0.16K 
 
(42.42 / −0.45 × 112) 
 
42.19I −0.17J −0.17K 
 
(42.42 / −0.45 × 113) 
1.85 
12.32 
(0.26) 
14.03 
−0.56 
(0.58) 
8 41.07I −0.61J +0.02K 
 
(41.68 / −1.22 × 89) 
 
41.07I −0.61J +0.02K 
 
(41.67 / −1.20 × 89) 
1.49 
9.90 
(0.45) 
14.08 
−0.53 
(0.60) 
9 42.51I −0.29J −0.15K 
 
(42.84 / −0.66 × 104) 
 
42.51I −0.30J −0.15K 
 
(42.84 / −0.65 × 104) 
2.22 
14.82 
(0.14) 
15.92 
0.53 
(0.60) 
10 40.28I −0.23J +0.02K 
 
(40.51 / −0.46 × 88) 
 
40.28I −0.24J +0.02K 
 
(40.51 / −0.48 × 88) 
1.05 
7.00 
(0.73) 
13.28 
−1.00 
(0.32) 
11 44.14I −0.16J −0.16K 
 
(44.37 / −0.45 ×  113) 
 
44.15I −0.16J −0.16K 
 
(44.36 / −0.44 × 114) 
1.52 
10.10 
(0.43) 
13.81 
−0.69 
(0.49) 
12 42.03I −0.39J −0.08K 
 
(42.43 / −0.80 ×  96) 
42.02I −0.39J −0.12K 
 
(42.44 / −0.82 × 98) 
 
2.04 
13.61 
(0.19) 
14.22 
−0.45 
(0.65) 
13 43.33I −0.43J −0.01K 
 
(43.76 / −0.86 × 90) 
 
43.33I −0.42J −0.02K 
 
(43.77 / −0.88 × 91) 
1.15 
7.64 
(0.66) 
14.72 
−0.16 
(0.87) 
14 42.76I −0.31J −0.11K 
 
(43.10 / −0.66 × 99) 
 
42.78I −0.30J −0.11K 
 
(43.10 / −0.66 × 100) 
3.13 
20.90 
(0.02) 
15.22 
0.13 
(0.90) 
15 40.75I −0.26J −0.05K 
 
(41.01 / −0.52 × 96) 
 
40.73I −0.26J −0.06K 
 
(40.98 / −0.50 × 97) 
3.32 
22.16 
(0.01) 
18.08 
1.78 
(0.08) 
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16 41.30I −0.14J +0.00K 
 
(41.44 / −0.29 × 90) 
 
41.31I −0.15J +0.00K 
 
(41.45 / −0.29 × 90) 
 
2.01 
13.40 
(0.20) 
13.35 
−0.95 
(0.34) 
17 40.12I −0.62J −0.24K 
 
(40.79 / −1.33 × 101) 
 
40.12I −0.63J −0.24K 
 
(40.78 / −1.33 × 101) 
1.44 
9.58 
(0.48) 
14.61 
−0.22 
(0.82) 
18 42.63I −0.73J +0.15K 
 
(43.37 / −1.49 × 84) 
 
42.61I −0.73J +0.15K 
 
(43.37 / −1.49 × 84) 
0.73 
4.86 
(0.90) 
14.00 
−0.58 
(0.56) 
19 41.85I   0.12J −0.01K 
 
(41.97 / −0.25 × 177) 
 
41.85I +0.13J −0.02K 
 
(41.98 / −0.26 × 176) 
1.10 
7.34 
(0.69) 
13.75 
−0.72 
(0.47) 
20 43.47I   0.54J +0.10K 
 
(44.02 / −1.09 × 5) 
 
43.46I +0.53J +0.10K 
 
(44.02 / −1.08 × 5) 
1.40 
9.35 
(0.50) 
13.37 
−0.94 
(0.35) 
21 44.10I −0.03J −0.11K 
 
(44.22 / −0.23 × 126) 
 
44.12I −0.05J −0.11K 
 
(44.23 / −0.24 × 124) 
3.42 
22.77 
(0.01) 
18.25 
1.88 
(0.06) 
22 44.00I −0.04J −0.14K 
 
(44.15 / −0.30 × 127) 
 
44.00I −0.03J −0.15K 
 
(44.17 / −0.31 × 125) 
1.36 
9.06 
(0.53) 
12.84 
−1.25 
(0.21) 
23 44.97I −0.79J −0.31K 
 
(45.82 / −1.69 × 101) 
 
44.97I −0.80J −0.32K 
 
(45.81 / −1.69 × 101) 
1.63 
10.87 
(0.37) 
17.39 
1.38 
(0.17) 
24 41.75I −0.24J −0.33K 
 
(42.15 / −0.81 × 117) 
 
41.75I −0.25J −0.34K 
 
(42.16 / −0.83 × 117) 
0.93 
6.19 
(0.80) 
15.59 
0.34 
(0.73) 
25 44.05I −0.07J −0.06K 
 
(44.14 / −0.19 × 110) 
 
44.07I −0.07J −0.05K 
 
(44.15 / −0.18 × 106) 
1.44 
9.58 
(0.48) 
13.89 
−0.64 
(0.52) 
26 44.59I −0.73J +0.01K 
 
(45.33 / −1.47 × 90) 
 
44.60I −0.74J +0.00K 
 
(45.30 / −1.47 × 90) 
0.95 
6.35 
(0.79) 
14.72 
−0.16 
(0.87) 
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27 44.90I −0.52J −0.17K 
 
(45.45 / −1.09 × 99) 
 
44.92I −0.52J −0.16K 
 
(45.43 / −1.08 × 99) 
2.19 
14.60 
(0.15) 
15.76 
0.44 
(0.66) 
28 43.56I −0.38J −0.07K 
 
(43.94 / −0.76 × 95) 
 
43.58I −0.38J −0.08K 
 
(43.94 / −0.76 × 96) 
1.08 
7.19 
(0.71) 
12.63 
1.37 
(0.17) 
 
2.3 Normality table for eyes with KC for auto-refraction samples analysed in Session one. 
EYE MEANS 
Scientific notation 
(Clinical notation) 
MEDIANS 
Scientific notation 
(Clinical notation) 
SKEWNESS 
b−value 
z−value 
(p−value) 
KURTOSIS 
b−value 
z−value 
(p−value) 
1 −5.27I +1.79J +1.80K 
 
(−2.73 / −5.09 × 23) 
 
−5.25I +1.80J +1.82K 
 
(−2.72 / −5.09 × 23) 
 
1.20 
8.00 
(0.63) 
13.93 
−0.62 
(0.54) 
2 −18.03I +2.31J +2.30K 
 
(−14.77 / −6.51 × 22) 
 
−17.94I +2.33J +2.38K  
 
(−14.74 / −6.56 × 23) 
2.20 
14.69 
(0.14) 
18.29 
1.90 
(0.06) 
3 −2.33I +0.22J +0.11K 
 
(−2.08 / −0.48 × 14) 
−2.25I +0.22J + 0.11K  
 
(−2.00 / −0.51 × 13) 
 
3.10 
20.69 
(0.02) 
18.84 
2.22 
(0.03) 
4 −18.76I +2.03J +0.73K 
 
(−16.61 / −4.30 × 10) 
−18.81I +2.02J +0.66K 
 
(−16.69 / −4.24 × 9) 
 
3.73 
24.84 
(0.01) 
21.30 
3.64 
(0.00) 
5 −19.23I +2.59J −0.21K 
 
(−16.63 / −5.20 × 178) 
−19.25I +2.60J −0.18K 
 
(−16.52 / −5.24 × 178) 
 
3.42 
22.78 
(0.01) 
19.67 
2.70 
(0.01) 
7 −6.00I +2.99J  −2.03K 
 
(−2.39 / −7.23 × 163) 
−6.10I + 3.08J −2.01K  
 
(−2.42 / −7.37 × 163) 
 
6.41 
42.74 
(0.00) 
20.91 
3.41 
(0.00) 
8 −2.08I +0.81J  −0.55K 
 
(−1.10 / −1.95 × 163) 
 
−2.00I +0.76J −0.55K 
 
(−1.08 / −1.93 × 162) 
10.20 
68.00 
(0.00) 
28.16 
7.60 
(0.00) 
9 −7.55I +1.57J +2.47K 
 
(−4.62 / −5.85 × 29) 
 
−7.48I +1.58J +2.45K 
 
(−4.63 / −5.85 × 28) 
1.84 
12.29 
(0.27) 
15.61 
0.35 
(0.72) 
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13 −15.95I +0.54J  −1.26K 
 
(−14.58 / −2.74 × 147) 
−16.05I +0.49J −1.29K 
 
(−14.59 / −2.82 × 147) 
 
3.54 
23.60 
(0.01) 
17.86 
1.65 
(0.10) 
14 −4.58I +1.59J +2.38K 
 
(−1.71 / −5.73 × 28) 
−4.50I +1.60J +2.41K 
 
(−1.62 / −5.77 × 28) 
 
1.35 
9.00 
(0.54) 
13.72 
−0.74 
(0.46) 
16 −8.15I + 2.55J −1.58K 
 
(−5.15 / −6.00 × 164) 
−7.96I +2.62J −1.59K 
 
(−5.15 / −5.53 × 162) 
 
0.95 
6.35 
(0.78) 
12.55 
−1.42 
(0.16) 
19 −6.09I +2.73J +1.32K 
 
(−3.06 / −6.06 × 13) 
 
−6.00I +2.74J +1.32K 
 
(−2.97 / −6.11 × 13) 
4.00 
26.64 
(0.00) 
17.13 
1.23 
(0.22) 
20 −5.48I +2.30J −1.07K 
 
(−2.94 / −5.07 × 168) 
 
−5.38I +2.36J −1.07K 
 
(−2.77 / −5.20 × 168) 
3.46 
23.08 
(0.01) 
17.65 
1.53 
(0.13) 
23 −3.55I +0.36J +1.34K 
 
(−2.16 / −2.79 × 37) 
 
−3.56I +0.38J +1.37K 
 
(−2.17 / −2.84 × 38) 
3.11 
20.75 
(0.02) 
17.84 
1.64 
(0.10) 
24 −6.60I  −1.45J −2.83K 
 
(−3.42 / −6.36 × 121) 
 
−6.25I −1.50J −2.80K 
 
(−3.04 / −6.45 × 120) 
2.86 
19.04 
(0.04) 
15.21 
0.12 
(0.91) 
25 −20.30I +1.00J +1.04K 
 
(−18.86 / −2.89 × 23) 
 
−20.29I +1.04J +1.05K 
 
(−19.01 / −2.88 × 23) 
1.58 
10.56 
(0.39) 
15.06 
0.04 
(1.00) 
26 −12.51I +0.52J +0.96K 
 
(−11.42 / −2.19 × 31) 
 
−12.41I +0.51J +0.96K 
 
(−11.28 / −2.15 × 32) 
1.41 
9.38 
(0.50) 
13.07 
−1.11 
(0.27) 
27 −15.87I +1.02J  −0.54K 
 
(−14.72 / −2.31 × 166) 
 
−15.82I +1.07J −0.50K 
 
(−14.61 / −2.34 × 167) 
5.45 
36.30 
(0.00) 
18.66 
2.11 
(0.03) 
28 −16.85I +0.81J  −2.78K 
 
(−13.95 / −5.80 × 143) 
−16.77I +0.72J −2.80K 
 
(−13.94 / −5.80 × 142) 
1.06 
7.08 
(0.72) 
14.00 
−0.58 
(0.57) 
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2.4 Normality table for control eyes for auto-refraction samples analysed in Session one. 
EYE MEANS 
Scientific notation 
(Clinical notation) 
MEDIANS 
Scientific notation 
(Clinical notation) 
SKEWNESS 
b−value 
z−value 
(p−value) 
KURTOSIS 
b−value 
z−value 
(p−value) 
3 0.20I −0.25J +0.06K 
 
(0.46 / −0.52 × 83) 
 
0.25I −0.24J +0.05K 
 
(0.50 / −0.50 × 84) 
12.22 
81.49 
(0.00) 
24.78 
5.65 
(0.00) 
5 −1.02I −0.23J −0.01K 
 
(−0.79 / −0.46 × 91) 
 
−1.00I −0.23J −0.00K 
 
(−0.78 / −0.4601   90.5107) 
2.29 
15.30 
(0.12) 
16.84 
1.06 
(0.29) 
6 −0.80I +0.12J +0.01K 
 
(−0.68 / −0.24 × 2) 
−0.80I +0.12J +0.01K 
 
(−0.67 / −0.23 × 3) 
 
0.32 
2.11 
(1.00) 
13.64 
−0.79 
(0.43) 
7 −0.35I −0.15J +0.02K 
 
(−0.20 / −0.30 × 87) 
−0.36I −0.14J +0.01K 
 
(−0.20 / −0.30 × 88) 
 
3.73 
24.90 
(0.01) 
17.82 
1.63 
(0.10) 
8 −1.49I +0.30J  −0.01K 
 
(−1.19 / −0.59 × 179) 
−1.47I +0.29J −0.02K 
 
(−1.17 / −0.59 × 178) 
 
11.24 
74.95 
(0.00) 
29.47 
8.36 
(0.00) 
9 −0.52I −0.15J +0.10K 
 
(−0.34 / −0.36 × 73) 
−0.50I −0.15J +0.11K 
 
(−0.33 / −0.36 × 72) 
 
3.42 
22.80 
(0.01) 
17.18 
1.26 
(0.21) 
11 −0.66I −0.17J  −0.05K 
 
(−0.48 / −0.35 × 98) 
−0.65I −0.17J −0.05K 
 
(  −0.47 / −0.37 × 98) 
 
0.81 
5.40 
(0.86) 
14.55 
−0.26 
(0.80) 
12 −0.19I −0.26J +0.02K 
 
(0.07 / −0.52 × 88) 
−0.14I −0.26J +0.03K 
 
(0.13 / −0.56 × 87) 
 
3.14 
20.93 
(0.02) 
16.34 
0.80 
(0.42) 
13   0.00I +0.06J +0.01K 
 
(0.06 / −0.12 × 3) 
 
−0.01I +0.06J +0.01K 
 
(0.07 / −0.13 × 5) 
1.94 
12.90 
(0.23) 
18.66 
2.11 
(0.03) 
14 −0.39I +0.06J +0.08K 
 
(−0.29 / −0.21 × 27) 
−0.37I +0.06J +0.09K 
 
(−0.27 / −0.22 × 27) 
0.98 
6.54 
(0.77) 
12.74 
−1.31 
(0.19) 
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15 −0.12I +0.15J +0.03K 
 
(0.03 / −0.30 × 6) 
 
−0.13I +0.14J +0.03K 
 
(0.03 / −0.31 × 6) 
0.71 
4.76 
(0.91) 
12.40 
−1.50 
(0.13) 
16 −0.64I −0.11J +0.11K 
 
(−0.49 / −0.31 × 67) 
 
−0.64I −0.12J +0.11K 
 
(−0.48 / −0.3063   67.1652) 
1.66 
11.06 
(0.35) 
18.23 
1.86 
(0.06) 
17 −0.37I +0.34J +0.02K 
 
(−0.02 / −0.69 × 2) 
−0.37I +0.35J +0.01K 
 
(−0.02 / −0.71 × 1) 
 
2.22 
14.79 
(0.14) 
15.03 
0.02 
(0.99) 
19 0.57I −0.52J +0.02K 
 
(1.09 / −1.04 × 89) 
0.57I −0.51J +0.02K 
 
(1.10 / −1.04 × 89) 
 
1.52 
10.15 
(0.43) 
13.64 
−0.78 
(0.43) 
20 −1.01I −1.28J  −0.07K 
 
(0.28 / −2.57 × 92) 
 
−0.97I −1.27J −0.08K 
 
(0.30 / −2.57 × 92) 
2.35 
15.67 
(0.11) 
13.68 
−0.76 
(0.44) 
21 −0.63I −0.21J +0.06K 
 
(−0.41 / −0.44 × 83) 
−0.61I −0.21J +0.06K 
 
(−0.39 / −0.43 × 82) 
 
6.19 
41.23 
(0.00) 
22.08 
4.09 
(0.00) 
22 0.46I +0.04J +0.05K 
 
(0.53 / −0.14 × 24) 
 
  0.46I +0.06J +0.04K 
 
(0.52 / −0.13 × 21) 
2.74 
18.26 
(0.00) 
22.06 
4.08 
(0.00) 
23 −0.16I +0.27J +0.02K 
 
(0.11 / −0.54 × 3) 
−0.14I +0.27J +0.02K 
 
(0.12 / −0.51 × 2) 
 
2.07 
13.77 
(0.18) 
17.43 
1.40 
(0.16) 
24 −0.20I −0.15J +0.01K 
 
(−0.05 / −0.30 × 88) 
 
−0.19I −0.14J +0.01K 
 
(−0.04 / −0.30 × 89) 
1.90 
12.65 
(0.24) 
16.72 
1.00 
(0.32) 
 
 
 
 
208 
 
Appendix 3 
3.1 Appropriately scaled scatter plots for control eyes: CCP (central corneal power) Session one 
Stereo-pair scatter plots with 95% distribution ellipsoids for the 28 control eyes analysed in Session one 
for CCP. The origin is placed at the mean of the sample for each stereo-pair and is provided in Table 4.3, 
page 50. Axis length and tick interval are 0.5 D and 0.25 D respectively.  
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3.2 Appropriately scaled scatter plots for control eyes: CCP Sessions one and two 
Stereo-pair scatter plots with 95% distribution ellipsoids for the 16 control eyes analysed for a second 
time in Session two for CCP. The origin is placed at the mean of the sample from session one for each 
stereo-pair and is provided in Table 4.3, page 50. The black stereo-pairs represent Session one and the red 
stereo-pairs represent Session two. Axis length and tick interval are 0.5 D and 0.25 D respectively.  
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3.3 Polar profiles of variance for CCP: Session one 
Polar profiles of variance for CCP for the 28 KC and 28 control eyes analysed in Session one. 
Polar profiles have been grouped into (a) eyes with severe KC, (b) eyes with moderate KC and 
(c) control eyes. The scale for the eyes with KC is set at 0.4 D2 and at 0.04 D2 for control eyes. 
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3.4 Appropriately scaled scatter plots for control eyes: auto-refraction Session one 
Stereo-pair scatter plots with 95% distribution ellipsoids for the 19 control eyes analysed in 
Session one for refractive state as determined with the Nidek auto-refractometer ARK 700. The 
origin is placed at the mean of the sample for each stereo-pair and is provided in Table 5.3, page 
102. Axis length and tick interval are 0.5 D and 0.25 D respectively. Mainly stigmatic variation is noted 
with one or two exceptions such as c16. 
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3.5 Appropriately scaled scatter plots for control eyes: auto-refraction Sessions one and two 
Stereo-pair scatter plots with 95% distribution ellipsoids for the 10 control eyes analysed for a 
second time in Session two for refractive state. The origin is placed at the mean of the sample 
from Session one for each stereo-pair and is provided in Table 5.3, page 102. The blue stereo-
pairs represent session one and the magenta stereo-pairs represent session two. Axis length and 
tick interval are 0.5 D and 0.25 D respectively.  
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3.6 Polar profiles of variance for refractive state: Session one 
Polar profiles of variance for refractive state for the 19 KC and 19 control eyes analysed in 
session one. Because of the relatively large variances found for auto-refraction the scale is 
different for each plot and this should be considered when comparing profiles within and across 
groups. As above the polar profiles have been grouped according to (a) eyes with severe KC, (b) 
eyes with moderate KC and (c) control eyes. 
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Abstract  
Background: Keratoconus (KC) is a multifactorial disease and diverse research has explored 
numerous aspects in an effort to better understand its complexities. Keratoconus affects the 
anterior segment of the eye especially the corneal thickness and curvature, which directly affects 
the refractive state of the eye. There are three components to measurement of a corneal curvature 
or central corneal power (CCP) of the eye, namely, the power along the flat meridian, the power 
along the steep meridian and the axis of the flat meridian. Central corneal power can also be 
described using three clinical components of sphere and cylinder power and cylinder axis. Most 
studies that investigate CCP analyse each of the three components separately rather than as the 
single but trivariate and holistic entity that they truly constitute. In doing so, pertinent 
information may be inadvertently omitted. Therefore, it would be beneficial for CCP of the 
anterior and posterior surfaces of the cornea to be analysed holistically in eyes with KC using 
multivariate methods and statistics. 
Aim: The aim of this study is to compare the short-term variation of the anterior and posterior 
CCP in eyes with and without keratoconus using mainly multivariate methods of analysis.  
Setting: Data were extracted from a doctoral study by the first author. The group with KC were 
obtained from patients attending a university-based contact lens clinic in Johannesburg, South 
Africa. 
Methods: Twenty-eight eyes of 18 participants with KC with a median age and quartile deviation 
(QD) of 22.0 (± 4.0) years and 28 eyes of 28 healthy controls without KC with a median age and 
quartile deviation of 23.0 (± 1.0) years were included in this prospective quantitative study. Forty 
consecutive measurements were taken with the Oculus Pentacam (Wetzlar, Germany) for each of 
the 56 eyes in this study. Data relating to the anterior and posterior CCP were analysed using 
multivariate methods such as stereo-pair scatter plots, 95% surfaces of constant probability 
density and variance-covariance matrices.  
Results: For both KC and control groups short-term variation of CCP of the anterior corneal 
surface was significantly greater than that for the posterior corneal surfaces. Whilst short-term 
variation was similar for both corneal surfaces in the KC group, variation of the posterior corneal 
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surfaces were significantly different from that for the anterior corneal surfaces for the control 
group.  
Conclusion: Multivariate analysis of short-term variation of CCP of both surfaces of the cornea 
in eyes with or without KC contributes toward a more complete understanding of the disease 
thereby enabling the earlier diagnosis of KC.  
Key words: Keratoconus, cornea, multivariate analysis of dioptric power, central corneal power, 
Scheimpflug imaging  
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Introduction 
Between the late seventies and eighties of the 20th century a combination of efforts from Long1, 
Keating2-4 and Harris5 led to the formalisation of a mathematically and scientifically meaningful 
representation of dioptric power via the concept of the symmetric, square 2 × 2 matrix. Over the 
last 30-odd years, much work in South Africa relating to the effective analysis of dioptric power 
by Harris6-25, Harris et al.26, 27 and by others elsewhere such as Thibos et al.28, for example, 
developed the original concepts into what they are today. The matrix representation of dioptric 
power has enabled scientific methods of analysis to be conducted on critical optometric and 
ophthalmologic data that otherwise could not be properly understood either qualitatively or 
quantitatively. These methods include adding, averaging and squaring sphero-cylindrical powers 
in their entirety, calculating variances, standard deviations and a host of other univariate and 
multivariate statistical functions6 that were once thought to be impossible for such data29. These 
methods of analysing refractive and keratometric data have been used very frequently in South 
Africa and elsewhere for the study of a multitude of clinical and research-oriented issues of 
critical importance to avoiding, for example, unnecessary vision impairment and its 
consequences. These methods and their implications have been described in great detail 
elsewhere5-27, 30-33.  
Refractive or dioptric power is made up of three components; namely, sphere (Fs = S), cylinder 
(Fc = C) and axis (A). Similarly, corneal curvature measurements, from instruments such as the 
Oculus Pentacam (OP), are made up of three components as well, namely, the power along the 
flat meridian, the power along the steep meridian and the axis of the flat meridian. Such 
quantities are used in many instruments to represent concepts such as simulated keratometry. 
Corneal curvature near the corneal apex or simulated keratometry can be more accurately 
described as central corneal power (CCP) and in this paper will be referred to as such going 
forward.  
Most studies that investigate CCP analyse each of the three components individually rather than 
as the holistic entity that they truly represent. In doing so, important information may be 
inadvertently overlooked and thus here CCP will be analysed holistically in individuals with or 
without keratoconus (KC) using mainly multivariate methods. These methods are similar but not 
always identical to those described by Thibos et al.28, who advocated the use of power vectors 
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(M, J0 and J45) to analyse refractive data. Some research has been done to establish the difference 
in CCP between KC and control eyes34-38 but, to the best of our knowledge, this is the first study 
that comprehensively compares both anterior and posterior CCP in KC and control eyes using 
multivariate methods of analysis. The results and discussion of this study will focus primarily on 
the differences between the anterior and posterior CCP in KC and in control eyes and less so on 
differences in CCP between eyes with KC and controls. Investigating the short-term variation of 
CCP in KC and healthy corneas may lead to a better understanding of the nature of the disease 
process in KC. This in turn may facilitate earlier diagnosis and perhaps improvements in 
treatment options for the disease, which could improve the quality of life for patients with KC.  
   
Methods  
This study formed part of the doctoral study of the first author39. Ethical clearance was obtained 
from the Research Ethics Committee of the Faculty of Health Sciences of the University of 
Johannesburg, South Africa (ethical clearance number: REC-241112-035). This prospective 
quantitative study took place in the Optometry clinic at the University of Johannesburg, 
Doornfontein campus. The research group consisted of 28 KC eyes (18 participants) with a 
median age and quartile deviation of 22.0 (± 4.0) and 28 healthy control eyes (28 participants) 
with a median age and quartile deviation of 23.0 (± 1.0) years. Both male (five KC and nine 
controls) and female (13 KC and 19 controls) participants were included in the study. All 
patients that attended the specialty contact lens clinic and had been diagnosed with KC through 
routine preliminary tests (such as slitlamp and corneal topography) were invited to participate in 
the study. Control participants were recruited by means of convenience sampling from the 
student body at the university. Once all participants had been suitably briefed and provided their 
informed consent they were assessed for suitability to be a candidate in the study by means of a 
questionnaire, comprehensive slitlamp examination, ophthalmoscopy and single Pentacam 
measurements of both eyes (where possible) for participants in the KC group  and only the right 
eye for controls. Only the right eyes of controls were included but, where possible, both eyes of 
those with KC were included. Exclusion criteria were: current or recent contact lens wear, ocular 
pathology other than KC, recent eye surgery or any medication with ophthalmic side effects. The 
same exclusion criteria, as well as no ocular pathology, were applicable for control participants. 
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Keratoconus participants with severely distorted corneas were also excluded because Pentacam 
measurements could not be acquired on these patients. 
As mentioned before, this study formed part of a larger doctoral study39, which included 
measurements such as corneal pachymetry and refractive state that were taken with various 
instruments over two measuring sessions. For the purposes of this paper, only the data from the 
OP at the first session were used. Forty consecutive OP (anterior and posterior) measurements 
for each of the 56 eyes were included here. Refer to Table 1 below for basic demographic 
information. Measurements were taken according to the user manual for the OP and in the 
interest of measurement independence participants were requested to reposition their heads after 
each of the 40 measurements. The time to obtain 40 measurements per eye with the OP varied 
across participants but was generally longer for those with KC and especially so where severity 
was greater and in many instances, otherwise suitable, participants had to be excluded since OP 
measurements were not possible due to disease severity. This was one of the reasons for 
inclusion of both right and left eyes for those with KC but only right eyes for those without KC. 
Overall times for 40 measurements per eye varied from approximately 10 minutes in controls to 
30 minutes in eyes with KC. 
Normality of samples was evaluated using skewness and kurtosis and samples were generally not 
normally distributed, therefore, non-parametric statistical tests were used where necessary and 
non-parametric variables such as medians and quartile deviations have been included in the 
results such as box plots that follow.  
With sphero-cylindrical power having its proper mathematical representation, any mathematical 
function possible with matrices becomes possible with refractive or keratometric data including, 
as mentioned, calculating means and variances which are two paramount statistics when 
comparing samples of data and making inferences for populations11. All the statistical methods 
discussed further are based on the dioptric power matrix. WF Harris, DJ Malan and A Rubin26, 27, 
40-42 have all contributed to the development of statistical and software methods using MATLAB 
that were specifically designed to convert such data into matrix representations which could then 
be used for multivariate statistical analyses. For the purposes of this study, these methods were 
used to convert the central raw keratometric data (radii of curvature along principal meridians) 
first into conventional powers and then into matrix representations. Refractive indices used for 
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converting the anterior corneal surface measurements were 1.3375 for tears and 1.0 for air and 
for the posterior corneal surface the refractive indices used were 1.376 for the cornea and 1.336 
for the aqueous. Thereafter all the statistical functions and methods (stereo-pair scatter plots with 
95% distribution ellipsoids and variance-covariance matrices) required to analyse the data were 
carried out on the matrix equivalents. Univariate analyses of ellipsoid volumes and variances 
were also included and performed with Statistica (Tibco, version 13.3). Some analyses with 
medcalc were also included. 
Table 1. Demographic information for eyes analysed. 
 
Group Number of 
participants 
Median age ± QD 
(years) 
Number of eyes Male / Female Right / Left 
Keratoconus  18 22.0 ± 4.0 28 5 / 13 14 / 14 
Control 28 23.0 ± 1.0 28 9 / 19 28 / 0 
 
Results  
Multivariate statistical analysis of dioptric power are based on assumptions such as normality 
and equality of population variances and if these assumptions are violated then the inferences 
made for such data need to be treated with caution. However, if that data are represented 
graphically, then such statistical inferences can be validated and conclusions drawn are more 
meaningful15. Stereo-pair scatter plots provide an essential visual representation of dioptric 
power in its entirety and are constructed without any underlying assumptions thus providing 
graphical substantiation to various statistical assertions made in this study. For the purposes of 
this study, each point in a stereo-pair scatter plot represents one OP corneal curvature reading 
that was converted to a symmetric matrix that is plotted in three-dimensional Euclidean space. 
Thibos28 and others34, 43, 44 use vectors in two-dimensions to perform similar analyses but without 
stereo-pairs that in general enhance (and actually simplify) data visualisation and analysis. For 
example, instead of multiple plots for the various components of power (M, J0 and J45) only a 
single plot for a specific sample becomes necessary and given the fundamental three-dimensional 
nature of power, individual measurements can be properly localised and compared in the three-
dimensional space (see Figure 1 for example). The three-dimensional percept of the stereo-pairs 
below in Figure 1 can be appreciated by diverging the eyes to an imaginary point behind the 
page, that is, allow the eyes to drift outward into an exo-position relative to the page. 
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Alternatively, one can fuse to a point in front of the page, perhaps with the use of a pencil. Then 
the eyes would be in an eso-posture and some explanations relating to the plot may change 
slightly and not match that herein. For example, the origin becomes the closest point on the three 
axes to the viewer rather than the most distant point.  
Ellipsoids of constant probability density (also referred to as distribution ellipsoids) have also 
been included in these stereo-pair scatter plots and together with the data itself they provide a 
graphical representation of the spread of dioptric power in a sample. The size, shape and 
orientation of these distribution ellipsoids and the variances (see Table 5 later) characterise the 
nature of the variation of the population and provide a visual aid in making comparisons between 
populations16. For each sample, it is expected that 95% of keratometric measurements from the 
population from which the sample was taken will lie within the respective distribution ellipsoid. 
These distribution ellipsoids provide a visual indication of the nature of the variation of CCP 
within the sample and between samples. One is able to identify differences between anterior and 
posterior CCP in KC and control eyes by comparing the size, shape and orientation of the 
distribution ellipsoids generated for different samples. 
Figure 1 below provides stereo-pairs that represent both the anterior and posterior CCP for two 
randomly selected eyes from the KC and control groups. The stereo-pairs provide a clear 
indication that, as anticipated, variation of both the anterior and posterior CCP is greater in the 
eye with KC compared to the control eye and is true for all cases within each group. However, 
the anterior CCP for both the eye with KC and the control eye is much greater than the respective 
posterior CCP. It is evident in Figure 1 that the data for both the KC and control eyes cluster 
closer to the mean of the sample for posterior CCP whereas the points are more widely dispersed 
for the anterior surface. This indicates that the anterior CCP is more variable than the posterior 
CCP for both KC and control eyes.  
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ANTERIOR SURFACE POSTERIOR SURFACE 
KC (eye 17)  
Mean: 47.39I −2.68J −0.61K 
 
Mean: −7.21I +0.47J +0.05K 
 
 
 
       
CONTROL (eye 26)  
Mean: 44.59I −0.73J +0.01K 
 
Mean: −6.46I +0.20J +0.06K 
 
 
   
 
 
Figure 1. Stereo-pair scatter plots with 95% distribution ellipsoids for one randomly selected eye from 
the KC group (eye 17) and one from the control group (eye 26) for anterior and posterior CCP. The origin 
for each stereo-pair is placed at its sample mean as indicated above. Each stereo-pair has an axis length of 
0.5 D and a tick interval of 0.25 D. Table 4 to follow includes the variances for the these samples.  
 
This is further substantiated on inspection of the 95% distribution ellipsoid volumes for anterior 
and posterior CCP for both the KC and control groups (stereo-pair scatter plots and distribution 
ellipsoids were generated for all 56 eyes measured but are not included here) found in Table 2 
below. The volumes for the 95% distribution ellipsoids were used to generate the box-and-
whisker plots in Figure 2 below and Table 3 provides the relative descriptive statistics.  
Table 2. Distribution ellipsoid (95%) volumes for anterior and posterior CCP for 28 eyes with KC and 28 
control eyes. Maxima and minima are indicated in red and blue respectively. Medians and quartile 
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deviations (= 0.5 IQR where IQR is the interquartile range) for ellipsoid volumes can be found in Table 3 
below. 
 
95% DISTRIBUTION ELLIPSOID  VOLUMES (D3) 
EYE Keratoconus Group     Control Group                  
 Anterior Posterior Anterior Posterior 
1 0.365 0.017 0.063 0.003 
2 4.692 0.156 0.048 0.004 
3 0.330 0.009 0.031 0.003 
4 2.324 0.069 0.070 0.007 
5 2.207 0.111 0.071 0.005 
6 0.408 0.003 0.034 0.002 
7 0.897 0.010 0.065 0.005 
8 0.718 0.066 0.046 0.004 
9 0.581 0.010 0.040 0.006 
10 0.380 0.014 0.041 0.004 
11 1.527 0.029 0.033 0.003 
12 3.060 0.022 0.101 0.006 
13 2.046 0.018 0.038 0.002 
14 0.510 0.013 0.037 0.002 
15 1.910 0.022 0.168 0.028 
16 1.222 0.029 0.031 0.003 
17 0.257 0.011 0.046 0.004 
18 1.234 0.027 0.049 0.006 
19 0.701 0.022 0.030 0.002 
20 0.478 0.023 0.079 0.006 
21 2.591 0.045 0.063 0.013 
22 7.369 0.096 0.096 0.012 
23 0.376 0.008 0.105 0.003 
24 4.306 0.056 0.044 0.003 
25 3.287 0.088 0.061 0.005 
26 0.268 0.013 0.055 0.004 
27 0.217 0.032 0.036 0.006 
28 1.621 0.017 0.082 0.010 
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(a)       (b) 
             
Figure 2. Box-and-whisker plots for 95% distribution ellipsoid volumes (D3) for (a) eyes with KC (n=28) 
and (b) control eyes (n=28) eyes for anterior and posterior CCP. Take note of the difference in scale for 
the plots.  
 
Table 3. Descriptive statistics for the box-and-whisker plots in Figure 2 for 95% distribution ellipsoid 
volumes. Units are D3 throughout and all samples consisted of 28 eyes. Standard deviations (SD) and 
quartile deviations (QD) are included. 
 Means SD Medians QD Minima Maxima 
KC anterior CCP 1.639 1.679 1.060 0.936 0.217 7.369 
KC posterior CCP 0.037 0.037 0.022 0.018 0.003 0.156 
       
Control anterior CCP 0.059 0.030 0.049 0.017 0.030 0.168 
Control posterior CCP 0.006 0.005 0.004 0.001 0.002 0.028 
 
As expected and irrespective of surface (anterior or posterior) concerned, the median volumes for 
the KC group are much larger compared to the control group. The box-and-whisker plot in 
Figure 2 and standard deviations and quartile deviations in Table 3 shows that the anterior 
surface of the cornea undergoes greater short-term variation in CCP in both KC and control eyes. 
On average (comparison of medians in Table 3), anterior CCP is approximately 12 times more 
variable than posterior CCP in control eyes and even more so in eyes with KC (approximately 48 
times). On comparison of the 95% distribution ellipsoid volumes the non-parametric Wilcoxon 
matched pairs test showed that the anterior corneal surface exhibited significantly more variation 
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than the posterior corneal surface for eyes with KC (comparison of medians in Figure 2a) (p = 
0.00). The same was true for the controls (comparison of medians in Figure 2b) (p = 0.00).   
To investigate the short-term variation of anterior and posterior CCP further, variances were 
extracted from the variance-covariance matrix for each of the 56 eyes tested and they are 
included in Tables 4 and 5 for KC and control eyes respectively. These values were then used to 
generate the box-and-whisker plots in Figures 3 (eyes with KC) and 4 (control eyes).  
 
Table 4. Variances (D2) extracted from the variance-covariance matrices for anterior and posterior CCP 
for 28 eyes with KC where SII, SJJ, SKK are the stigmatic and two antistigmatic variances; they relate to 
variances along the stigmatic and antistigmatic axes of stereo-pair scatter plots (such as in Figure 1) 
respectively. Maxima and minima for each column are indicated in red and blue respectively. Medians 
and QD are also included. 
 
EYE ANTERIOR  POSTERIOR 
 SII SJJ SKK  SII SJJ SKK 
1 0.011 0.037 0.007  0.001 0.004 0.002 
2 0.174 0.062 0.035  0.011 0.008 0.006 
3 0.026 0.009 0.010  0.001 0.004 0.001 
4 0.038 0.037 0.070  0.004 0.004 0.005 
5 0.029 0.083 0.047  0.003 0.013 0.006 
6 0.015 0.026 0.011  0.000 0.001 0.001 
7 0.020 0.020 0.030  0.001 0.002 0.002 
8 0.024 0.030 0.014  0.007 0.007 0.002 
9 0.017 0.015 0.025  0.002 0.001 0.001 
10 0.010 0.015 0.021  0.002 0.003 0.001 
11 0.027 0.048 0.041  0.002 0.002 0.003 
12 0.050 0.072 0.101  0.002 0.002 0.003 
13 0.105 0.052 0.031  0.004 0.003 0.001 
14 0.009 0.015 0.033  0.002 0.002 0.002 
15 0.024 0.042 0.077  0.002 0.002 0.003 
16 0.015 0.031 0.052  0.002 0.006 0.004 
17 0.009 0.013 0.015  0.001 0.002 0.002 
18 0.028 0.043 0.021  0.006 0.004 0.003 
19 0.020 0.027 0.018  0.001 0.003 0.002 
20 0.013 0.014 0.019  0.002 0.006 0.001 
21 0.043 0.073 0.039  0.003 0.004 0.003 
22 0.058 0.155 0.129  0.005 0.008 0.005 
23 0.016 0.015 0.011  0.001 0.001 0.001 
24 0.123 0.034 0.099  0.006 0.002 0.005 
25 0.121 0.085 0.031  0.012 0.006 0.003 
26 0.013 0.009 0.012  0.003 0.001 0.002 
27 0.007 0.011 0.012  0.005 0.003 0.002 
28 0.043 0.034 0.040  0.003 0.002 0.001 
Medians 0.024 0.032 0.031  0.002 0.003 0.002 
(QD) (0.014) (0.017) (0.015)  (0.002) (0.002) (0.001) 
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Table 5. Variances (D2) extracted from the variance-covariance matrices for anterior and posterior CCP 
for 28 control eyes where SII, SJJ, SKK are the stigmatic and antistigmatic variance respectively. Maxima 
and minima for each column are indicated in red and blue respectively. Medians and QD are also 
included. Note that due to the small variances for controls the values were rounded off to four places after 
decimal points.  
 
EYE ANTERIOR  POSTERIOR 
 SII SJJ SKK  SII SJJ SKK 
1 0.0067 0.0038 0.0028  0.0021 0.0006 0.0002 
2 0.0081 0.0027 0.0019  0.0010 0.0013 0.0004 
3 0.0033 0.0033 0.0014  0.0009 0.0009 0.0002 
4 0.0070 0.0033 0.0034  0.0010 0.0015 0.0008 
5 0.0054 0.0032 0.0044  0.0003 0.0011 0.0012 
6 0.0025 0.0024 0.0029  0.0004 0.0006 0.0007 
7 0.0054 0.0031 0.0045  0.0006 0.0011 0.0012 
8 0.0039 0.0024 0.0038  0.0008 0.0008 0.0013 
9 0.0044 0.0020 0.0033  0.0014 0.0013 0.0004 
10 0.0043 0.0016 0.0041  0.0008 0.0010 0.0005 
11 0.0032 0.0027 0.0025  0.0007 0.0005 0.0005 
12 0.0054 0.0046 0.0075  0.0012 0.0011 0.0006 
13 0.0031 0.0021 0.0037  0.0008 0.0007 0.0004 
14 0.0039 0.0024 0.0025  0.0005 0.0012 0.0004 
15 0.0142 0.0059 0.0053  0.0022 0.0031 0.0029 
16 0.0030 0.0023 0.0023  0.0008 0.0008 0.0004 
17 0.0048 0.0030 0.0028  0.0005 0.0008 0.0008 
18 0.0064 0.0020 0.0032  0.0009 0.0012 0.0006 
19 0.0043 0.0019 0.0018  0.0004 0.0004 0.0005 
20 0.0049 0.0036 0.0058  0.0008 0.0008 0.0009 
21 0.0067 0.0050 0.0029  0.0012 0.0027 0.0014 
22 0.0071 0.0057 0.0034  0.0007 0.0025 0.0014 
23 0.0106 0.0047 0.0053  0.0004 0.0005 0.0007 
24 0.0046 0.0023 0.0029  0.0005 0.0005 0.0006 
25 0.0070 0.0046 0.0025  0.0013 0.0023 0.0003 
26 0.0041 0.0033 0.0048  0.0006 0.0008 0.0005 
27 0.0043 0.0034 0.0021  0.0012 0.0009 0.0006 
28 0.0077 0.0058 0.0035  0.0007 0.0024 0.0010 
Medians  0.0049  0.0032  0.0033  0.0008 0.0010 0.0006 
(QD) (0.0014) (0.0009) (0.0009)  (0.0003) (0.0003) (0.0003) 
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(a)       (b) 
     
Figure 3. Box-and-whisker plots for stigmatic and antistigmatic variances of anterior and posterior CCP 
for 28 eyes with KC.  
 
(a)       (b) 
     
Figure 4. Box-and-whisker plots for stigmatic and antistigmatic variances of anterior and posterior CCP 
for 28 control eyes. Note the difference in scales on the y-axes when comparing to eyes with KC in Figure 
3.  
 
For eyes with KC, the non-parametric Friedman ANOVA indicated that there were no significant 
difference in variances for the anterior corneal surface (comparison of medians in Figure 3a) nor 
for the posterior corneal surface (comparison of medians in Figure 3b). This indicates that there 
are similar amounts of stigmatic and antistigmatic variation on the anterior corneal surface as 
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well as on the posterior corneal surface. The Friedman ANOVA also confirmed that both 
stigmatic and antistigmatic variation was significantly greater for the anterior corneal surface 
compared to the posterior corneal surface in eyes with KC (comparison of Figure 3a to 3b, note 
the differences in scales for the y-axes).  
For control eyes, the Friedman ANOVA and associated post-hoc multiple comparisons test 
indicated that there was significantly more stigmatic variation of anterior CCP than antistigmatic 
variation (comparison of medians in Figure 4a). For posterior CCP, it was found that there was 
statistically greater ortho-antistigmatic variation compared to stigmatic and oblique-antistigmatic 
variation (comparison of medians in Figure 4b), however, there was no significant difference 
between stigmatic and oblique-antistigmatic variation of posterior CCP. Similar to the KC group, 
control eyes also experienced statistically greater variation for the anterior corneal surface 
compared to the posterior corneal surface (comparison of Figure 4a to 4b, again the differences 
in scales for the y-axes are important in interpreting this finding).   
 
Discussion  
Previous studies have compared CCP between KC and control samples34-38, however, few have 
compared anterior and posterior CCP within the KC and control samples independantly35, 44. To 
the best of our knowledge, there are no studies that have used the multivariate methods of 
analysis as used in this paper to compare anterior and posterior CCP in both KC and control 
eyes.     
Tomidokoro et al.34 did a retrospective observational study that compared 31 patients with KC to 
18 patients without KC. Scanning-slit videokeratography (Orbscan, Orbtek Inc., Salt Lake City, 
UT) was used and participants were divided into three groups, namely, KC, KC suspects and 
normal controls. Data were analysed using Fourier series harmonic analysis where dioptric 
power was transformed to trigonometric components in an attempt to analyse dioptric power 
holistically. This study showed that both the KC and KC suspects had significantly higher 
spherical power, and greater regular and irregular astigmatism than for the control group. It was 
also noted that KC affects the posterior corneal surface even in the early stages of the disease and 
this finding could possibly be used as a diagnostic factor. Most researchers and clinicians have 
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not emphasised the posterior corneal surface and so possibly greater attention is suggested to 
better understand the role of this surface to KC. 
Piñero et al.35 placed their 71 subjects in one of four groups, that is, 18 in the keratoconus 2 
group (grade II), 19 in the keratoconus 1 group (grade I), 14 in the subclinical group and 20 in 
the control group. Participants in the grade II group had more severe KC than the participants in 
the grade I group. Corneal assessment was performed using Scheimpflug imaging with the OP. 
Corneal volume, pachymetry and keratometric and refractive states were investigated. 
Keratometric and refractive states were analysed without taking into account the specific 
meridian along which the dioptric power lies. This study revealed that there was a strong 
correlation between the anterior and posterior corneal curvature in the normal (controls) and 
subclinical groups but weaker correlations in the KC 1 and 2 groups, which conversely had a 
higher correlation between anterior and posterior astigmatism than did the normal and subclinical 
groups. The subclinical group did not have significant differences between anterior and posterior 
curvatures, but they were found to be distinctly different from the normal group with their 
significantly higher amounts of posterior astigmatism. It was also found that the two keratoconus 
groups had significantly higher spherical equivalents and cylinder values compared to the normal 
controls.  
A retrospective evaluation37 of 164 patients (of which 68 were keratoconic) assessed with the 
Galilei dual Scheimpflug Analyzer (Ziemer Group, Switzerland) were grouped as KC, early KC 
and normal control eyes. Reddy et al.37 also investigated pachymetry and keratometric and 
refractive states and analysed the keratometric and refractive data similarly to Piñero et al.35. In 
addition to omitting axes in their analysis, they also used the averaged refractive and 
keratometric values. They found that corneal structural parameters such as pachymetry and 
anterior and posterior corneal curvature were significantly different in keratoconic eyes when 
compared to normal eyes and corneal aberration measurements were particularly useful in 
differentiating early keratoconus from normal eyes. Other studies36, 38 that were conducted in a 
similar manner arrived at similar conclusions.    
With the use of measurements taken with the Sirius (CSO, Italy) on 161 participants (61 of 
which had KC), Montalbán et al.44 analysed data differently from those mentioned above in that 
they compared the anterior and posterior corneal surfaces within the KC and control groups and 
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then between the groups. This was done by calculating an antero-posterior k-ratio within each 
study group. The k-ratio was calculated by dividing the mean anterior corneal radii by the mean 
posterior corneal radii in each group. They found that although there were significant differences 
in corneal curvatures between the KC and control eyes, there was no statistical significant 
difference in the k-ratio between the groups and thus the ratio was found to be a poor predictor in 
the diagnosis of KC.   
A limitation in some of the above mentioned studies, is that keratometric and refractive data 
were not analysed holistically and sometimes important factors such as axis orientation for 
cylinder powers were ignored and/or keratometric and refractive values were averaged for 
principal meridians. One other study made use of the multivariate methods used herein to 
evaluate a single moderately keratoconic cornea. In his study, Gillan45 evaluated a single eye 
with KC in detail in much the same way as we have for this paper. As in our paper, he found 
greater variation in CCP for the anterior corneal surface compared to the posterior corneal 
surface in the eye with KC. He also found that for both anterior and posterior corneal surfaces 
the variation along the ortho-antistigmatic axis was greater than the stigmatic and oblique-
antistigmatic axes.   
A total of 40 measurements each for the anterior and posterior corneal surfaces of 56 eyes were 
analysed holistically using multivariate methods for this paper. Stereo-pair scatter plots (such as 
in Figure 1) provide a simple but vital and fundamental visual representation of each CCP 
measurement taken on each KC and control eye. They demonstrate the manner in which 
variation occurs over time as regards the parameter of concern, for example, here anterior and 
posterior CCP. They allow for identification of patterns or trends in the data, possible outliers or 
departures from data normality. The type and magnitude of variation can be determined and 
compared to other samples or the same sample over time or in relation to many variables of 
concern. They allow one to visualise and understand keratometric and refractive behaviour and 
they are free of assumptions or conditions that might limit the use of other statistical methods. 
Furthermore, they provide essential methods to visualise sample means (for example, centroids 
or centres of the surfaces of constant probability density) and variances. Measures of central 
tendency (such as means and medians) and of dispersion such as variances are two of the most 
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critical or fundamental statistics necessary for any analysis of data and stereo-pairs allow such 
statistics to be studied and understood in the context of any experiment involving dioptric power.   
The spread of the data points in Figure 1 illustrates clearly that whilst there is unsurprisingly 
more short-term variation of CCP in the KC eye compared to the control eye (for both surfaces), 
the anterior surfaces of both the eye with KC and the control eye exhibited more variation of 
CCP than their respective posterior surfaces. On comparison of the 95% distribution ellipsoid 
volume for the control eye (eye 26, Table 2), the anterior volume (0.055 D3) is 14 times greater 
than the posterior volume (0.004 D3) whereas for the KC eye (eye 17, Table 2), the anterior 
volume (0.257 D3) is 23 times greater than the posterior volume (0.011 D3).  
The box-and whisker plots for the volumes of the 95% distribution ellipsoids for CCP (Figure 2) 
and the associated statistics (Table 3) provides an overall view of all eyes measured in this study. 
The anterior volumes were approximately 48 times (1.060 vs 0.022 D3) and 12 times (0.049 vs 
0.004 D3) greater than the posterior volumes for KC and control eyes respectively (comparison 
of medians in Table 3). An interesting point to note is that the anterior surface of healthy corneas 
undergo twice as much short-term variation in CCP relative to the posterior corneal surface of 
eyes with KC (0.049 vs 0.022 D3). As mentioned before the short-term variation of CCP 
measurements has rarely been analysed previously in other papers with the methods used herein 
therefore it is difficult to compare our findings with other studies. However, the distinct 
differences found when comparing the KC and control groups (eyes with KC display 
approximately 22 times greater anterior variation and six times greater posterior variation 
compared to control eyes) are analogous to other studies that have shown that there are 
significant differences in CCP between the two groups34-38, 44. 
The box-and-whisker plots in Figures 3 (KC group) and 4 (control group) are used to provide a 
visual representation of the nature of the observed variation in CCP. The quantities SII, SJJ and 
SKK are variances with respect to the stigmatic, ortho-antistigmatic and oblique-antistigmatic 
axes (see Figure 1) respectively. Both KC and control groups had significantly greater stigmatic 
and antistigmatic variation of CCP for their anterior corneal surface when compared to their 
respective posterior surfaces. For the KC group, there were minor differences found for the 
stigmatic and antistigmatic variation of CCP for the anterior corneal surfaces, that is, eyes with 
KC undergo similar amounts of stigmatic and antistigmatic variation on the anterior surface of 
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the cornea. The same was found for the posterior surface as well. Although there are similar 
amounts for both stigmatic and antistigmatic variation, the ortho-antistigmatic variation is 
slightly greater than the stigmatic and oblique-antistigmatic variation (compare medians in Table 
4) which compares well with the finding of Gillan45. Control eyes experience significantly 
greater stigmatic variation (SII = 0.0049 D
2) than antistigmatic variation (SJJ = 0.0032 D
2 and SKK 
= 0.0033 D2) for the anterior corneal surface whilst there was significantly greater ortho-
antistigmatic variation (SJJ = 0.0010) than stigmatic (SII = 0.0008 D
2) or oblique-antistigmatic 
(SKK = 0.0006 D
2) variation for the posterior surface. This indicates that although eyes with KC 
experience similar amounts of stigmatic and antistigmatic variation for both corneal surfaces, 
healthy eyes experience greater stigmatic variation for the anterior corneal surface and greater 
ortho-antistigmatic variation for the posterior corneal surface. This finding also relates to the 
study conducted by Piñero et al.35 where it was also found that KC 1 and 2 groups had a higher 
correlation between anterior and posterior astigmatism than did the normal and subclinical 
groups. They also found that control eyes had significantly higher amounts of posterior 
astigmatism than compared to the anterior corneal surface.  
While it may be a limitation of the OP that the data obtained from the back surface of the cornea 
vis Scheimpflug imaging is based on computer algorithms which use arithmetic assumptions and 
extrapolated data46, such data still provides valuable insight into further understanding 
keratoconus. The greater variation noted for the anterior corneal surface for both the KC and 
control groups could be that the anterior surface of the cornea is more susceptible to external 
factors such as blinking and a poor tear layer whilst the posterior surface is surrounded by a 
fairly stable internal environment. 
Conclusion 
The primary aim of this study was to compare the short-term variation (behaviour) of the anterior 
and posterior CCP in eyes with and without keratoconus using multivariate methods of analysis. 
Such analysis occurs both within and across eyes and groups. While it is well known that eyes 
with KC exhibit greater variation in corneal power measurements than applies to healthy eyes 
without KC, the nature of variation has not been fully evaluated before and especially not with 
the methods used herein. Thus, this study provides new information and knowledge through a 
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comprehensive analysis of variation of CCP with predominantly multivariate methods and 
statistics with further investigation using univariate methods and statistics where necessary. 
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